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The generic solution has essential singularities and/or branch points in
0,1,00. Other singularities are poles (depend on initial conditions).

A solution of PVI can be analytically continued to a meromorphic function
on the universal covering of P'\{0, 1, co}.

o “New” transcendental functions. Solving (PVI)?

i) Determine the local (asymptotic) behavior of the transcendents at
r=0,1,00
Example [Jimbo (1982)] (two integration constants a, o). :

’ 33—>0,

y(z) ~1—aV1—2) " o1,

y(x) ~a'>x” 7, r — 00,

ii) Solve the connection problem: find the relation between couples
of integration constants at x = 0, 1, oc.

Example:
(a(O)’U(O)) N (a(l)’g(l)) N (a(w)ya(oo)).

¢ Find “all” asymptotic behaviors? Problem of classifications of the solu-
tions.



Monodromy Preserving Deformations

¢ To every Painlevé equation we can associate a suitable linear system
of ODE:
d (4 [ G11 a2 (0
- = (1)
dA @Y as1 A92 ©Y
a;; = a;;(\, x,y) rational of A\, z,y

(G} 1?2).

A fundamental solution is an invertible matrix solution ¥ = (90 o
1 2

o a;j(A, z,y)’s have poles in the A-plane. W is multi-valued at the poles.
The group of transformations of W associated to the loops around the
poles is the monodromy group.

av A . .
Ex: IR U = U=t N ™ U e,

¢ x is a monodromy preserving deformation: there exists a funda-
mental solution with monodromy independent of x if and only if y = y(x)
satisfies the Painlevé equation. [Jimbo, Miwa, Ueno (1981)].



o The system (1) for (PVI) is Fuchsian:

. Ao(ﬂf) A1<33) AX(JZ)
T Tao1 Tz

D e

N
Ao+ A+ Ay = =03, 020,

1 1 1 1
- 12 a2 _ L S By
a=—(0x— 1), 5} 290, v 291, (2 5) 2993
o A Painlevé function is :
T (A0)12
T) = 3
y(z) z [(Ao)12 + (A1)12] — (A1)12 ()
o A = 0,x,1 Fuchsian Singularities (poles). ¥ = (il ?) is multi-
1 P2

valued at the poles. My, M,, M; monodromy matrices, generate
the monodromy group.

A — )\ e?™ — U — U M,,
A=z (A —x)e*™ — U — UM,

A— 1 (A=1)e*™ — U — WM.



Connection Problem and Classification of the Solutions

o (For generic values of 0y, 0., 01, O) there is a one to one correspon-
dence between a solution y(x) and a point in the space of monodromy
data.

0o, 0,,01,0, My, M,, M; indipendent of x:

!
y(ﬂf) — y(l’, (907 9337 917 9007 tl"(MoMx), tr(MOMl)a tr(MlMx))

— (1) Write the different integration constants at z =0,z = 1, x = 00
as classical functions of the same monodromy data.

This solves the connection problem.

Ezample: M.Jimbo: Publ. RIMS 18 (1982):

y(z) ~ a2, -0,
y(x) ~ 1—aV1 =) -,
y(z) ~ a™2?™, z - oo,

aV = a6y, 0, 01, 0 tr(MyM.,), tr(Mo M), tr(M:M,)), i =0,1,c0.

tr(MyM,) = 2 cos(mo V),
tr(My M) = 2cos(ma™M),  tr(MyM;) = 2 cos(mo™))

— (2) We can classify Painlevé functions in terms of monodromy
data

Do we know all the asymptotic behaviors? <« Construct the asymptotic
behaviors corresponding to each point in the space of monodromy data.



A Matching method: a constructive method to compute the
leading term(s) of y(x), and the associated monodromy data.

- Constructive procedure: no assumption about the asymptotics of y(x).

- It is based on the isomonodromy deformation theory. It allows to
compute the monodromy data associated to a solution, and thus solve
the connection problem.

- I developed it in 2006, it produced new asymptotic behaviors. I con-
jecture that “all” the possible behaviors have been constructed.
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Results obtained with the Matching Method

Remark: We consider x — 0. From basic expansions we obtain all the
expansions at x = 0, 1, 0o, by the action of the symmetries.

() v =B, =B, y—1l-y, z—1-uz,
1 1

(00) a— —0, B —a, l——, 1 —,
Y x

(000) 1—=20—2y, 2y—1-20, —(Fr—a, a— —f, yl—>£
Y

1) With two integration constants a, o:

y(az) _ le1—0 T Cnm(a) xn(l—a)era _
n,meZ
n+m=>0, m>0

ax'=7, 0<Ro < 1;
~ axr!' ™o, — 1 < Ro <0;
:L’{Bsin2 (%Ulnera)ch(a)}, Ro = 0;
(@)= |5+ 1 (1+0(a)
T)=|= . T)),
v 2 sin? (@ Inz+a+ k> ck(a)x(l—a)k)

Ro = +£1
The series are convergent for |z| small and arg(x) bounded.
a = a(by, 0,01, 0; tr(MyM,,), tr(My, M,))
tr(MyM,) = 2 cos(mo)

o#+1,0,  tr(MyM,) # +2
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2) With one integration constant a:

y(x) = § yn(z)(az®)Y,  yy(x) Taylor series at z = 0.
N=0

The coefficients are certain rational functions of v2a, /20, /27,
V1 —20.

we N, or w=%(vV2a+/27),

tr(MoM,) = —2 cos(mw).

o Sub-cases: w € N or a = 0 = Transcendents with (convergent) Taylor
expansion at x = 0. The basic expansions are:

i) Parameter a = 0, /2y £ vV2a € Z, o # 0:

WV EVa

y(z) = Ta

+ Z bnlev, 3,7, 0) x
tr(MoM,) = —2 cos(m[v/27 £ V2a]), < MyM,, My > reducible.

Hw=1a#0,v=28++1—-26 € Z:

y(x) = j:\/ﬁ%—am + Zb (a; ar, B)x"

tr(MoM,) =2, MyM, =1, < MyM,, M; > reducible.



i) a =0, w = 0:
y@ﬂ:a+ﬂ—ﬂX&—@x—%§fAmﬁﬁM@

tr(MoM,) = =2, < MyM,, M; > reducible.

3) Logarithmic behavior, with one integration constant a.

The basic (asymptotic) expansions are:

1—20+28 , a—+ 203
| 1
1 nx+anx+2§+1_25

y(z) ~

+2? - {Polynom in Inz} + 2* - {Polynom in Inx} + ...,

25 — 1 4 283

y(x) ~x la +/—20 1n:z:] + 2% - {Polynom in Inz} + ...,
25 — 1=28.

a = a(fy, 0,01, 0, tr(MyM,), tr(MM,))
tr(MyM,,) = 2
in general < My, M,., My > is irreducible
For the second solution, < My, M, > is reducible.
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The symmetry (¢ ¢ ¢) acting on the logarithmic expansions gives the
following behaviors for z — 0:

2 1 1
2 Lo 1)

v—alnz

2
(v —a)ln*x

y(x) = , aFEY

| —

L (7
q:\/20z11f1:17 In

tl"(MoMx) = —2

1
yl) = ++v/2alnx

o Remark: In the examples, the monodromy groups are irreducible. In
some cases, there are reducible subgroups.

o Frample of one non-generic case

|
a=y=0, =5, B=-2% peZ

There is a 1-parameter (a) family of logarithmic solutions.

z[1—p*(nz +a)?, r — 0,
y(x) ~{ 1—p? (ln%+poo)2, r — 00,
where: - p2(ln(1_1x)+pl)27 T
_ 2
Poo = wi(j(lill; ii_i)a) —2nzal = 41n27i T m2tl

MO = I, tI’(M()Mx) = 2, tl”(MoMl) = 2, tI’(MlMx) = —2.
Monodromy independent of a

See also Mazzocco, Math. Ann (2001): Chazy solutions
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Matching Procedure

Consider x — 0, arg x bounded.

AV Ay A, Ay

P O DD e

[dea: Simplify the system when  — 0. Keep only dominant terms.

Reduction to systems which can be solved in terms of special functions.

1) ‘)\‘ > |.’E’50UT, dour > 0:

d¥our _

Ao+ A, A, Nour sx\n Ay
— v
) X 2;_<A> ta_q| Your

11) ‘)\| < ‘ZE‘(SIN, ory > 0:

dViy
d\

The simplest case is Fuchsian:

dVour B Ao+ A, Ay
o o o] Vour
dVin  [Ag Ay
) _{A+A—x]%w
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Il Our method is based on the Matching condition: there exist funda-
mental solutions which match in the overlapping regions:

Vour(\z) ~ Uin(\ ), = —0, |z < |\ < |z|V,

U\ x) ~VYour(A, x), A — 00, Al > |x]50UT.

V(A x) ~ VN x), A—0orz, A < ||,

¢ Fuchsian truncations are not enough to obtain all the results explained
above. Non-Fuchsian truncations are necessary:.

Some of the results above are obtained from:

dVour

dA

$Ax+A0—|—Ax+ A1
A2 A A—1
d\IfIN_[A0+ A,
dx L) A—

] Vour

- Al] \Ile’
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Part I: Matching Vo, ~ V;y = Leading Term(s) of y(z)

Determine the asymptotic behavior of Ay(x), Ay(z), A.(x)

L (A0)12
Ap)iz + (Ai)e] — (A1

—  ylzr) =
z |
We are in the domain

200U < A < |z, —0, A—0, Mz — oo

i) Write general parameterization of Ay + A, and Ay, A,, Ay in terms of:
6y, 0., 01, O, and (four) more scalar unknown functions of x. One of
them is the eigenvalue of Ay + A,.

ii) Find the local behaviors of: Woyr(\, x) for A — 0,
Urn(A, x) for % — 00,
in terms of the entries of Ay, Ay, A,.

iii) Impose:

1) that the OUT and IN systems are isomonodromic = T'wo unknown
functions are constant (integration constants).

2) The matching condition:
Vour(A, x) ~ Wrn(A, )
[t gives the leading terms of the remaining unknown function of x.

4

We obtain the leading terms in z — 0 of Ay, A, A1 = y(x). They
depend on 6y, 0., 01, 0+, and two integration constants.
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Example 1: Fuchsian reduction

d¥our _
d\

Ao-FAx_'_ Ay
A A—1

N _
oty T [)\+)\—x

By elementary linear algebra we have:

o?—03,—03 B
A = 40~ &
! 02— (01—050)2][ 02— (01 +60s0)] 1 o?—0%—62 |>
1662, r1 400
03 —02—62 .
_ 4000 1
Ao+ A = (_[02(91900)2][02(91+900)2] 1 _9%0—2920) '
169%0 1 400
902—932;4—02 r
-1 _ 4o
K(x) AOK(:U) o (_[02(909x)2][02(90+9x)2] 1 _939§+02) !
1602 r do
2 2 2
o“+04—0
K(z) A, K (z) = i o
v [‘72_(90_651:)2][02_(90"‘937)2] 1 0 _'_637_60
1602 r Ao

Unknown functions: ry, r, K

Eigenvalues of Ag+ A, = =+ %.

¢ Isomonodromy = o, rq, r are constants

o We determine K (x) by matching.
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Case o ¢ Z. Standard theory of Fuchsian systems gives:

a

v —%O;GA"(M O) A — 0
OUT - s n O )\—% 9
1 1
Gy = ((eoo+a>2—9% <eoo—o—>2—9%>
4605011 405011
B 00 " ()\/x)% 0 ) A
Viv = |K(@) +n§1 Kn)\" ( 0 \2)"2)" o« B

We obtain K (x) through the matching Wopyr ~ Wyy:

A2 0 A2 0 2 0
GO(O A—%> NK(SU)(O A—%> ( 0 x%>‘

J
1 1 £z 0
K(x) ~ ((900—1—0)2—92 (600—0)2—62> ( _g> :
405011 : 405017 : 0 T
J

So we compute Ay, A, Ay and

- r (Ao)r2
yle) = z [(Ao)i2 + (A2 — (A1)

1 [02 — (60 + (955)2][(90 — (955)2 — 02] Ly 88 — 93, + o2 r
ylo) ~ 1607 S B v

o
Keep only leading term, according to o > 0 or < 0.

140
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Example 2: One example of non Fuchsian reduction

* Non-generic case 01 + 0, =0, 0, + 0y = 0, Eigenv(Ag + A,) = 0.

li(Aw) + A, () = 0
0

A= hH(l) A,(x) = a constant matrix with eigenvalues =+ Ex
XT—

0 O
Al(l’):—7 03 —(AO—FAx) E— —70'3, r — 0.

o Problem: determine a(x), b(x), ¢(x) asymptotically.

¢ We need non-fuchsian reduction:

xA Ag+ A, 0Oy o3

dVour
N T > A_1

a\

Vour,

dU A A,
[N:[ 0

+9°" ]\I}
A\ N a—x 273 TV

Let GT1AG = %03
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o Isomonodromy == diag(Ag+ A,) =0, diag(G~1(Ay + A,)G) = 0.
(i
a(x) = o(b(x),c(z)), c(x) ~ s(s+0,)b(x)
¢ Local behaviors for A — 0:

0, 1 B
Vour =G {I—l— GlOUT)\—I- } exp {l’ —03 —} G 1=

2 7\

1 4+GCTG N G B0 (3 v

! 2 7Tz N2

¢ Local behavior for \/z — oo:
_ IN ¥ O\ _
\I’[N—[]—FGl )\—F} exp{Q)\}—
0 x z?
= —|—703 A —|—G{N )\+O<)\2,x,)\2)

GV, GIN are computed as functions of s, 7, b.

¢ Matching:

5 0. _
GOV (x) ~ %G_lag G, GIV(z)~ - GosG !

0

b(x) ~ —x O, x — 0

¢ Final result:

_ 1 02540, +1)
1 -6 2(0se — 1)

r + O(z?),

17



Part 1I: Matching V ~ VYoyr and ¥ ~ V;y = Monodromy,
Connection Problem

dW A A, Ay
= \/
a\ [ R 1]
d\POUT AO + Ax Ax Nogr rx\n Al
= - v
d\ A N S <)\> A—1] o
dViy  |Ay A Niy
— — A AW
dX N Tass A I
[f three fundamental solutions satisty:
Vour(h, @) ~ Uin(A, ), [ae]ovr <A< 2|, 2 — 0.

U\ x) ~VYour(A, x), A— o0 (|A]> \x\(SOUT)

U\ z) ~ TN ), A—=0, z (A < |z|')
then (consequence of isomonodromy):

Ml — MlOUTa Moo — MoOoUT

My=MX>N, M, =M"

)
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¢ Standard normalization for W:
1

U(A) = {I+O(>\

)] AT ) oo

For suitable normalization: Vopr (A, z) ~ Vin(A, x), z — 0.

¢ Choose normalization C s.t.
1

\IJOUT(AVCU) C = A

1+0( )] A—G%MROON\D(A,Q;), A — 00

Vour(A, x) C, Wy C realize the matching;
Your(A,z) C ~ V(A z), A— o0
Uin A, z) C~U(N\x), AX—0,

¢ We must be able to compute the monodromy of Wopr, Wiy exactly:

This is possible, in our cases, because the systems for Vour(A, x),
Urn (A, ) are solvable in terms of special functions, both in the Fuchsian
and non-Fuchsian cases.
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Eramplel:

y(x) ~ ax' ™",

0% — (60 +0.)%][(60 — 0.)* — o7
1603

1
2cos(mo) = tr(MgM,), a=-
r

(o=, +0)(0+ 0, —0)0x+01—0) 1
B 40‘(900—|—¢91—|—0') F’
where
- D(140)°T (360 + 6. — o) + 1) T (5(6, — 6y — 0) + 1) .
- T(L—0)2T (3(0+ 0. +0) + 1) T (3(0: — O+ o) + 1)
D(3(0+01—0)+1)T (301 — 0 —0)+1) V
X Y
[ (30 + 01+ 0) + 1) T (361 — O +0) + 1) U
and:
U = %sin(wa)tr(MlMx) — cos(ml,.) cos(mly,) — cos(mbhy) 008(701)] '™ +

+% sin(mo ) tr(MoMy) + cos(ml,,) cos(mhy) + cos(mbs ) cos(mhy)

V =4sin - (90+9 —0) sin — (90 0,+0) Sing(0m+91— o) sin — (0 —b01+0).

First computed in M.Jimbo: Publ. RIMS 18 (1981).
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Ezxample 2:

B O(2s + 0, +1)

y(x) = ! +ax +O0(2?), 20— 1)

1 — 0

My = G exp{inf,03} G, M, = exp{—inf..03}

M, =G exp{—inf,03} Gl M= exp{—imt03}

5+64

0

I
/
3 =
Sl
N————

~ 0,[2co8(m(0 + 0,)) — tr(M M)
 2[cos(m(0o — b)) — cos(m (oo + 0,))]

0, 0. &7
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Ezxample 5:

1l—a

5 (14+6 -0z + O, a=

y(x) = a +

My = (Cocn) — exp{imtoos} Coo, Moo = (Qm' (1 —s) —1)

_ _ . 1 0
M, = (Cse0) " (Co1) ™" exp{im0,03} C01Cxp, M) = ( ) :

2mis 1

0 I'(—6p) i B+l +3)
L TR RN
0=
) r(Y-t-Dr(-%e%-1) _rey cTCEED)
T(1—6p)e in(P-%-3) r(P-%+3)r(R+%+3)
['(—0,)(1+6) ['(=0.)I'(1—6)
. r(P-%+3r(P-%-1) r(-B-%+3r(-3-%-4)
e L(0,)T(1+6) D(0,)T(1—09)
TUEE T I e e Ty
 tr(M M) — 2cos(mly) (Coco)21
s = : .
41 s1n(7r90) (COOQ)QQ
A
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Example 4:

=0+ 1 01[(01 — O0)® + 02 — 05 + 201 — 20 )
Y = T 0 S a0 = O — ) L TOW)

My = Coso exp{imbyos} Cpil,
Mx = COoo 00_11 eXp{Z'T('(ng';),} 001 00_01)

My = exp{—inbi03}, My = exp{—imbl03}.

COoo —

s T - T
F(1+971—9%0 T'(1+6g)e' 2ot 0a+0o0=01] r<1+971—‘%'0)r(1—90)617[9$—90+900—91]
r(, 0z, 91 00 1 \p(% _ 02,9 00 4 r(_f 0z 000 01 1\p(lx_f0 0% 0x
g2t~ 2T 22 t2 2T —22 2 T2t D2ty T

iy - TC
r(e%o—%lq (146 )¢’ 200+ 0n+01~00d] (%81 —1)r(1-0y)e! 2 Pr—00+01~00c]
00 0z 0 01\ (%0_ 0z oo 0 06y 010 0r 00 0o 0
(el r(- ) (R (e

0. 272, k=01,zx, 0.

Example 4 was computed also in K.Kaneko Proc. Japan.Acad 82 (2006).
Heun’s type scalar equation.
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Conclusion

¢ The matching procedure yields the leading terms of the asymptotic
behavior of y(x)

¢ The leading terms are expressed as functions of of monodromy data =
Solution of the connection problem.

¢ It is a constructive procedure.

o It allowed us to compute several new solutions (generic and non generic
cases).

- Two parameter solutions.

- One parameter solutions, including logarithmic type.

- Taylor solutions.

* Conjecture: Applying symmetry transformations to the basic solu-
tions we obtain almost all the asymptotic behaviors (classification prob-
lem). These, together with previous results obtained with an elliptic rep-
resentation, should provide all the asymptotic behaviors (7).
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