Universality in Random Matrix Theory
F(Tr(V(M)) instead of Tr(V(M))

Projects with Peter Miller, Misha Stepanov, and Gernot Akemann
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The basic example of random matrices: N X N Hermitian matrices:

M;;: Gaussian random variable: Prob {M,; < x} = \/% . e~ 3t d

M Complex Gaussian random variable, M;; = M (R) + 1M ](l?, with

Prob {Mj(,f) < :1:} \/— f et dt
Prob 1 Mj(,? < .CC} \/— f et dt
M M i@ M i)
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This is referred to as the Gaussian Unitary Ensemble
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Using Matlab, we can generate random matrices and compute their eigenvalues
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Using Matlab, we can generate random matrices and compute their eigenvalues
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Using Matlab, we can generate random matrices and compute their eigenvalues
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The basic example of random matrices: N X N Hermitian matrices:

M;;: (zaussian random variable

1

Vo

1]\[

Mj: Complex Gaussian random variable, %e—|Ma‘k|2d M;}f) d M](,i )

1
Joint prob. measure: —— exp <

(

7N

—Tr

lMQ
2

/

> dM,

dM = [] dm?any) Hde

1<k

This is referred to as the Gaussian Unitary Ensemble



Unitary Ensembles of Random Matrices

Consider the probability measure on N x N Hermitean matrices given by
L L.
—exp{-NTr[=M*+ Y 1, M" |} dM
Z, 2 -

dM = HdM dM! HdM

- 1 £
= [exp!=NTr|—=M*+ Yt M*|} dM
J- p h2 E

Historically, the interest has been in the probabilistic description of the
eigenvalues, as N — ©

Gaussian Unitary Ensemble: all the t.’s =0.




Unitary Ensembles of Random Matrices

Consider the probability measure on N x N Hermitean matrices given by

i’l,h. exp{—N Tr[ V(M ) ]} dM

N
dM = U dM dM ', H dM ,

Zy= [ cxp{—NTr[ V(M) ]} dM

Historically, the interest has been in the probabilistic description of the
eigenvalues, as N — o©

Gaussian Unitary Ensemble:V(x)=x%/2




Mean density of eigenvalues

Consider the random variable — +#{ \; < z}.

What is its average behavior?

- | m
gt <oy = [ Mo

O

pgN) (t) is called the mean density of eigenvalues



Movie of pgN) for N =1 through N = 50.

Plot of the error, Ggl\r)(;l’), where

N plas s e N),
/)(1 )(:L') = Y(x) + N 'c(l ) (z)
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Movie of pgN) for N =1 through N = 50.

Plot of the error, G(i.'\r)(;’l,'), where

N | V-1V (4
/)(1 )(iL‘) = 1p(x) + N~ e (1 )(;1:)



more fundamental quantities: gap probabilities

Prob { no evals in (a,b)}

Fn () = Prob {\nae < p}



Basic asymptotic result: Under rather weak assumptions on V, the following limit exists.
(Johansson, 1998)

hm pl(N)(_X:) = llj(x) . where 1 = (0 solves a well-known variational problem.
N —0

sup [—deu + fflog‘x — y‘d,u(x)du(y)]

Y is supported on finitely many intevals,
and is analytic on the interior of each one.

(Deift, Kriecherbauer, McL '98)

V real analytic with suitable growth —>



Much more detailed asymptotic result:

— Pick a€su and consider G(a,s) =Prob{no A .'sin| a,a + > .
~ \ pp(¥) x(2.9) { J, ( Nw(a))}

a X —*

One version of universality result: for any real analytic V with suitable growth, and any such a_,

lim G, (a,s) = det(1-S)

N —x LE([}J)

F

(Sh)o) = fSin(”(U _ U'))h(g')dcr'

4 ::r(o'—o")

V' Quadratic: Gaudin&Mehta ’69
V Quartic: Bleher&lts 99
V real analytic: Deift, Kriecherbauer,
McL, Venakides, & Zhou ’99
V'’ Lipschitz continuous: Miller & McL ‘07






Prob {C()\N _B)N2/3 < 3} s Frw(s)

e V(x) = x*/2: Tracy-Widom

Frw(s) = exp{— /Oo(x — 5)¢*(x)dx),

¢" = zq+2¢°

e Real analytic V: Bleher & Its (Quartic), DKMVZ

e V"' Lipschitz continuous: McL & Miller ’07.



Typically interested in eigenvalues, whose induced probability density is:

lexp(—N§V(lj)} H()Lk — ?Lj)z :

ZN l< j<k=N

S
V(2)= |2 Y A
k=1

N
Partition Function: ZN = f exp(—NEIV(Aj )] H(;Lk — )"j )sz)L

l< j<k=N

Closely related to polynomials {pj(x)}‘ orthogonal wrt ™" “dx

j20




Mean density of particles

Consider the random variable ﬁ # {evals < JC}

The mean density is defined via

jx <§_, #{evals < x}>

p,(x) =

The connection to orthogonal polynomials:

p1(x) = Ky (x,x)

N(V (x)+V () =

K,(x,y)=e 7 p,(x)p,(y)

0

=

ey
]



All statistical properties can be expressed in terms of the orthogonal polynomials!

E.G.

Prob{no A;'sn (a,b)} =det(1-Ky)

L*(a.b)

K/ X2) = [Ky(x,9)f(0)dy

In most applications, we are interested in the behavior for N —



All statistical properties can be expressed in terms of the orthogonal polynomials!

E.G.

Prob{no A;'sn (a,,b)} =det(1-Ky)

L*(a.b)

K/ X2) = [Ky(x,9)f(0)dy

In most applications, we are interested in the behavior for N —

For universality of “gap probabilities”, (a,b) = (a, a+ j(a))



Universality is implied by

Asymptotic Result 1: There is a constant ¢ so that for every u,v € R,

we have
, 1 | u ] v - Ai(u)Ai'(v) — Ai(v)Ai'(u)
st (9 G ) - e e

Asymptotic Result 2: For every a with ¢ (a) > 0, and every u,v € R, we
have

- 1 I _ sin(u — v)
N Noa) ( ' ' Nwa)) m(u—v) 2

N—-1

Kn(z,y) = e 2 VOO N p(2)po(y).
{=0



Unitary Ensembles of Random Matrices
Consider the probability measure on N x N Hermitean matrices given by

\o
&%\Xba il,h exp{—N Tr[ V(M ) ]} dM
&
Q@Q

N
dM = H dM dM ', H dM ,

Zy= [ cxp{—NTr[ V(M) ]} dM

Historically, the interest has been in the probabilistic description of the
eigenvalues, as N — o©

Gaussian Unitary Ensemble:V(x)=x%/2




Typically interested in eigenvalues, whose induced probability density is:

1 N 2
o o vEve| T -2)
&\ N < j<ksN
&%
<
N

S
Y V(2)= |2 Y A
k=1

N
Partition Function: ZN = f exp(—NEIV(Aj )] H(;Lk — )"j )sz)L

l<s j<ksN

Closely related to polynomials {pj(x)}‘ orthogonal wrt e_‘w(x)dx

j20




Unitary Ensembles of Random Matrices, revisited

ZlN exp {—ozNTr(MQ) — 7 (Tr (MQ))Z}dM

Induced Measure on eigenvalues:

2

N N
1
——exp—aN )y A -7} A [T Ow—x)" d¥A
N . .
71=1 71=1

1<j<k<N



Unitary Ensembles of Random Matrices, revisited

ZlN exp {—ozNTr(MQ) — 7 (Tr (MQ))Z}dM

Induced Measure on eigenvalues:

1
— €X
Zn P

2

N N A
—aNY XN -7 ) X [T Ow—x)" d¥A
j=1 j=1

1<j<k<N

This fouls up our connection
to Orthogonal Polynomials



Wishart-Laguerre Ensembles,
following Akemanné&zVivo, arXiv:0806.1861

1 -7
: (1 : nﬁV(XTX)> dX |
In v

X: (N+v)x N, v >0, complex entries
v > cN(N + v)

dX: Lebesgue measure over independent matrix entries
Induced Measure on eigenvalues of XTX:

: (1 . QnEN:V()\ ))Wﬂ)\”n)\ |2 dV A
7 | 1 — Nk
ZN v 1=1 \ >k

This fouls up our connection
to Orthogonal Polynomials




Three measures on eigenvalues, (simplest choice of V')

N
iexp —EZ)\Z [T Ow—=x)%dVA
ZN 2 J /

j=1 1<j<k<N

N Qniv _Wﬂyﬁ\x—x 2 gV )
ZN o i=1 i i=1 i : k

j>k

Note: Probability measures on unordered eigenvalues.



Why use Orthogonal Polynomials?

N
Lexp —EZ)\Z [T e —=x)%aVA
7N 2 =" 7

1<j<k<N



Why use Orthogonal Polynomials? , _ 1 { N v} M v

1<j<k<N
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Why use Orthogonal Polynomials? , _ 1 Nl I oeeay
1<j<k<N
Orthogonal Polynomials (Hermite!)
p;i(z) = kjz? +lot., kK; >0

/pj(@pk(x)e_%ﬁdi’? = 0jk-
R



1als?
Why use Orthogonal Polynomials? , _ 1 Nl I oeeay
1<j<k<N
Orthogonal Polynomials (Hermite!)
p;i(z) = kjz? +lot., kK; >0

N .2

/pj(i’J")Pk(fB)e_?x dxr = 0.
R

Reproducing Kernel



1als? 1 N <
Why use Orthogonal Polynomials?  _ Lopld- Yyt
N j=1 1<j<k<N
Orthogonal Polynomials (Hermite!)
p;i(z) = kjz? +lot., kK; >0
/pj(@pk(x)e_%ﬁdi’? = 0jk-
R
Reproducing Kernel
N 2 2 N1
Kn(a,y) =e T 3 po(@)pe(y)
(=0
. [ Kn(A1, A1) Kn(A1s An)
,)\N) — ﬁ det

Py(, ...

(A = Xy)°



Why use Orthogonal Polynomials?

/

1 LA . Kn(Ai, M) -+ Kn(A1, Aw)
PN:Z—NGXP<—§Z)\?> H ()\k_)\j)2:ﬁdet : .
j=1 ) 1<j<k<N ' KN(AN,M) KN(AN,AN)

\



Why use Orthogonal Polynomials?

/

1 LA . Kn(Ai, M) -+ Kn(A1, Aw)
PN:Z—NGXP<—§Z)\?> H (Ak_)\j)2:ﬁdet : .
j=1 ) 1<j<k<N ' KN(AN,M) KN<)\N7)\N)

\

Must explain the formula!



Why use Orthogonal Polynomials?

1
PN:—exp<

/

4N

\

N )
N 2
52N
j=1

1 KN()\17)\1)

/

] (Ak—Aj)Z:mth -
1<j<k<N Kn(An, A1)

Must explain the formula!

Must show 1t 1s useful!!!

Kn(A1, AN)

Kn(An, AN)



Why use Orthogonal Polynomials?

. ( N ) . Kn(Ai, A1) -+ Kn(A, AN)
_ 2 2 i .
PN—Z—NeXp<—§ZAj> H (M = Xy)" = 5 det _ N :
\ j=t ) Isg<ksh Kn(An, A1) -+ Kn(An, An)
We can evaluate integrals!!!
Must show 1t 1s useful!!
Useful: Orthogonality yields Mean density of particles

Consider the random variable % # {evals < x}

The mean density is defined via

p,(x) = %%#{evals < x}>

The connection to orthogonal polynomials:

pP(x)=K,(x,x)

V{wc ))Nl

K,(x,y)=e p,(x)p,(y)

¢=0



Why use Orthogonal Polynomials?

1 ( N N ) 1 KN()\la)\l) KN()\l,)\N)
_ 2 N2 - ) .
PN—Z—NeXp<—§Z)\j I e )T = gy det . . :
\ j=t ) Isg<ksh Kn(An, A1) -+ Kn(An, An)

We can evaluate integrals!!!

Must show 1t 1s useful!!!

Useftul: Orthogonality yields Mean density of particles

Al statistical properties can be expressed in terms of the orthogonal polynomials! Consider the random variable ﬁ # {EVEﬂS < X }
EG. The mean density is defined via
o p,(x) = i<l;f?f{ewals < x}>
_ _ 1 N
Prob{no A ;'sin (a,b)} det(l KN) 12(a) dx
The connection to orthogonal polynomials:
b
K/ X0 = [Ky (x,9) f ()dy 0,(x) = Ky (3,%)
¢ (v (x ) +V (y ))N =
Ky(x,y)=e p,(x)p,(y)

£=0
In most applications, we are interested in the behavior for N — o



Why use Orthogonal Polynomials?

y

. N N ) | KN()\l,)q) KN()\la)\N)
j=1 ) 1<j3<k<N . KN()\N,)\l) KN()\Na)\N)

\

Must explain the formula!



Why use Orthogonal Polynomials?

y

1 N N ) 1 KN()\la)\l)
_ _ 2 I AT
Py = e A ZAj > H Ak = X)) = = det .
1=1 ) 1<7<k<N KN()\N,)\l)

\

Must explain the formula!

po(A1) - po(AN)
( p1 (A1) - pi(AwN) \

I] =)= L et

HN—l |
1<j<k<N j=0 kj

vt 0) < pver )

Kn(A1, AN)

Kn(AN, AN)



Why use Orthogonal Polynomials?

1

Py = — exp <

4N

1<j<k<N

exXp | —

==

ME
Trd

Q.

—_

y

N N
52N
j=1

\

0

(Ak = Aj) =

\> .

) 1<j<k<N

(A — A% =

1

ﬁ det

KN()\la )\1)

KN()\Na >\1)

Must explain the formula!

( Po ()\1)
1 p1 (A1)
~—— det
Hj:O F‘J‘j :
\ pN—1 (A1)
1
H (Ae = Nj) = =x—
1<j<k<N szo Rj

det

po (AN)
p1 (AN) \
prv_1 O)

Kn(A1, AN)

Kn(AN, AN)
z’\z\’po()\ ) \

i M py (Aw)
TAvpy_1 (Aw) )



Why use Orthogonal Polynomials?

Py = — exp <

exp

1
4N

|z
ME

>
A\

Q.

—

y

N )
N 2
52N
=1

0

\

2N H

1<j<k<N

11

) 1<j<k<N

(A — A% =

1

ﬁ det

KN()\la )\1)

KN()\Na >\1)

Must prove the formula!

(Ak = Aj) =

1

[

N—1
=0

R

det

N>\2

[ lm
e Alpl ()\ )
\ e” T Npn_1 (A1)

Kn(A1, AN)
Kn(AN, AN)
szpo()\ ) \
i M py (Aw)

T pyo (W)



Why use Orthogonal Polynomials?

y

1

NN , Ky (A1, A1) Ky (A1, An)
_ 2 N2 b .
\ y=b ) 1sg<ksN Kn(AN, A1) Kn(AN; AN)
Must prove the formula!
: \ [ e pg(a) e Ppy () )
N N)\2 _NAZ
N 1 e atipy(Ar) o e (AN)
expe—7> N I w—)= 5= det :
\ j=1 ) 1<j<k<N szo j .o : N
\ e~ 1Mpy_1 (A1) - e 1 Wpy_g (AN) )
v e—zxim()\) e gAipN_l(Al) \ ( @—Z/\ipo()\) 6—%>\z\,p0()\N) \
P 1 det e 4 >\2p0 ()‘ ) € AQPN 1 ()\2) e 4 >‘1p1 <)\ ) s G_ZANpl ()\N)
N — ZNHN 1 2
| \ € NA?VpO ()\N) € NA?VpN 1 ()\N) ) \ € NA%pN 1 ()\1) (& NA?VpN 1 ()\N) )
Now orthogonality lets us evaluate the integrals: 1 =1

ZN HJOKVQ_N!




Three measures on eigenvalues, (simplest choice of V')

iexp ﬂiv IT Oe—2)%d%A
ZN 2 L~ /

1=1 1<3<k<N

2 )
N N
1 2 2 2 N
Eexp<—aN§ )\j7'<2 )\j) ’ H (A —Aj)" dVA

\ /

N 7N N
1<1+2”ZA2> HA’-’H\)\-—)\HQdN)\/
1=1

So what goes wrong here?

1 J
1>k



Three measures on eigenvalues, (simplest choice of V')

N
iexp —EZAZ IT Oe—2)%d%A
Zn 2 L7 7

j=1 1<j<k<N

1 2 2 2 N
Eexp<—aNZ>\j—T Z)\j ’ H (A = A;)7 d7A

\ /

N 7N N
1<1+2”ZA2> HA’-’H\)\-—)\k|2dN)\4/
1=1

So what goes wrong here?

Z 7 1 J
N T i>k

— I . -4
po (A1) po (AN) N € N/\on Eilg € N y2 po 8]\[3
1 p1 (A1) o pi(Aw) N 1 e”4%p; (M e 47°Np; (AN

[T Ow—=X) = == det 1 ; . : — exp —ZZ)\JZ H (A = Aj) = —xy=—7— det . . .

1<j<k<N [Tj=o # : ‘ : j=1 1<j<k<N ]._[j:O Kj : K
pn—1 (A1) pN—1 (AN) N \2 N A2

e Mpn_1 (A1) - e d WpN_1(AN)



Three measures on eigenvalues, (simplest choice of V')

7j=1 1<j<k<N
( 2)
1 al al 2
——expq—aNY N7 A+ J[ w—2)" a¥
) = = PSRN \
\ /
N So what goes wrong here?
]. 2n 2 v 2 N /
ZN<1 72&) LT T 1A = Ael? @
1=1 1=1 >k
_ N2 _ N2
Po (A1) po (AN) N e_;/\;po (A1) e_;/\gpo (AN)
M i) = NL det( p1(:)\1) p1(:>\N) ] . exp{EZ)\JQ} H O — ) = Nfl .det e 'pl(>\1) ) e ?91 (AN)
e S prl.()‘l) prl.()‘N) = R = 6_%>\%p].\7—1()\1) e” T py_1 (Aw)
( 2)
| N N
Zoexpg—aN Y N—r| > Ao ] e )" dVa
N \ j=1 j=1 J 1<i<k<n
alN y2 _aN 2
f 2y G_TNA;PO (A1) ez “¥po (An) \
Hj'vz_ol "{7'_2 ) i 2|\ e~ "2 Mipy (A1) e~ 2 Npy (AN)
ZN j:1 N 2 N 2
‘ P\ e Mo () e FXNopn 1 (An)




A clever trick!

2

_ 82N (e—N(a—Hﬂ)S)

exp{—ost—T(s)z}: \/i%/Rdﬁ e

Which yields

N N
1
Py (A1, ..., AN) = Z—exp —ozNZ)\?—T Z)\? H ()\k—)\k)2
N — j=1 1<j<k<N
1 2 2 , 5
Z dﬁ o — 27 (e—N(a—HB) Z;V 1 Ag) H |)\k — )‘j’2
N 1<j<k<N
. (N Kn(A, Ao,8) -+ Kn(AL Ans a, 8)
Py = 7 dﬁ e~ "ar (H /ij(Oé,ﬁ,N)2> det
Y 7=0 Kn(An,Ai30,8) -+ Kn(An, An; @, B)



KN()\la)\l;Oéaﬁ)

N—1
1 2 Ar2
Py = dﬁ e~ (H /ij(oz,ﬁ,N)Q) det ;
ZN '
Kn(An, A1, 8)

where
/an(af)pj(a?)e_mo‘“ﬁ " dw = b,

N-—-1

KN(w,y;a,ﬁ)ZeXp(—(OéHﬂ)N v 4y’ ) pj(x
7=0

Kn (A, An; o, 8)

KN()\Na)\Naaaﬁ)



1 _ B2N2
]P) d 4T
N = ZN B e

N_1 KN()\la)\l;aaﬁ) KN()\lv)\N;Oéaﬁ)
( (a, B N)Z) det : ' :

KN()\N,)q;Oé,ﬂ) KN()\Na)\N;aaﬁ)

where

[an(x)pj(m)e—mww * dw = 6y,
N-—-1

KN(ﬂf,y;Oz,ﬁ)ZeXp(—(OHriﬂ)N v 4y’ ) pj(x
7=0

Mean Density of Eigenvalues:

2 2 N2 —1 2 2 N2
AN () = [N [as e <a+w>‘2] [ap e {<a+w>‘2 KN<A,A;a,6>}
R R



62 N2

fR dB e @

(a+18)"

Prob { no eigenvalues in S} =

132 N2

fudB 55 (atiB)”

Where Ky is the integral operator on L?(S):

Knh = /SKN(fE,y;oz,ﬂ)h(y)dy-



B2 N2 NT2

JpdB 5 (atif)”

Prob { no eigenvalues in S} =

JadB o= (atip)
Where Ky is the integral operator on L?(S):
Knh := / Ky(x,y;a, B)h(y)dy .
S
Take S = (A, 00):
32 N2 _ N2
dg e” 3 (a+1 2 det(1-K
Prob {Amax < A} = JpdB e (O;QNQW) eN(2 N)

JpdB e~ F (a+1i5)" =

where Ky acts on L? ((\, 00))



Probing the extent of universality



Universality in Random Matrices:

Y(z) = lim pgN) (x) Is supported on a single interval (-3, 3)

N —o0



Universality in Random Matrices:

Y(z) = lim pgN) (x) Is supported on a single interval (-3, 3)

N —o0

Asymptotic Result 1: There is a constant ¢ so that for every u,v € R,

we have
, 1 | u ] v - Ai(u)Ai'(v) — Ai(v)Ai'(u)
st (9 G ) - e e

Asymptotic Result 2: For every a with ¢ (a) > 0, and every u,v € R, we
have

- 1 I _ sin(u — v)
N Noa) ( ' ' Nwa)) m(u—v) 2



Universality in Random Matrices:

Y(z) = lim pgN) (x) Is supported on a single interval (-3, 3)

N —o0

Asymptotic Result 1: There is a constant ¢ so that for every u,v € R,

we have
, 1 | u ] v - Ai(u)Ai'(v) — Ai(v)Ai'(u)
st (9 G ) - e e

Asymptotic Result 2: For every a with ¢ (a) > 0, and every u,v € R, we
have

- 1 I _ sin(u — v)
L Nlb(a)KN( - Ny(a) N¢(G)> m(u —v) &

What assumptions on V would yield a so that
e )(z) > 0 in a neighborhood of x = a,

e Asymptotic Result 2 fails to hold true?



What about the Laguerre-Wishart case?

1 2 )
E(l j;v) H)\ H\)\ WL A

>k



What about the Laguerre-Wishart case?

! o Y I\ N
— (1 | ZA?) I T A = Al dVA
N 7= i=1 >k

A clever trick!

(1 + Z)’Y _ F(lfy) /OOO df (6—557—16—52)



What about the Laguerre-Wishart case?

1 My Y )
E(l j;A?) HA [T — el a¥a

1>k

A clever trick!

1 00
(1+2)" = / d& 6_557—16—52
() Jo ( )
Which yields

1 2n N N N 1 o0 N N
In (1_'_2)\@2) H)‘VHP‘J_)\I@P = = d¢ e 8¢ 1 H)\V —ZE A H’)\ _)\k‘Q
N v 1=1 Zn Jo

1>k i1 iy



A few asymptotic (N — oo) results (mostly due to Akemann and Vivo)

(1+Z>\2) HA”H]A — Ail? dVA

1>k
v =10
vy=N*+a+1

o and v are fixed.

2
\ (N +a+1)N$

8%




A few asymptotic (N — oo) results (mostly due to Akemann and Vivo)

(1+Z>\2) HA”H]A — Ail? dVA

1>k
v =10
p— 2 o0 26n N
,V_N +a+1 / pkpje_ga Ydxr = 0
o and v are fixed. 0
)\: (N2+a+1) N'CE KN(ZIJ,y;f,Ck)—e gnN(x_‘_y)pr pﬁ
87

_ 1 " deete—t 2
(&) = et /O dee® e L Kn (e, ;. 0)



A few asymptotic (N — oo) results (mostly due to Akemann and Vivo)

(1+Z>\2) HA”H]A — Ail? dVA

1>k
v =1
__ N2 0 26n N
o and v are fixed. 0
)\: (N2+a+1) N:E KN(fU,y,f, — € gnN(CU‘HJ) pr pﬁ
Qo
(1) = e [ gt LR (3 0)
P1 fooo d§§a6_€ . N N\Ly Ly S,




a:

, 0.1, 0.5, and 14




LR [ [T
u;-,l. p1(x) ~ —=5 — / deee 6_\/i \/_ _&n
e fo dé€ve=¢ Jy ™V a Vzr 2«

e \x o=-0.5,0.1, 0.5, and

Largest eigenvalue:

1
Jo déges

Prob {Amax < pu} = / dgga@—fﬁ’N(M,& )
0

: CL : : _26nN T
Fn(u, &, a): largest eigenvalue distribution associated to e™ ~ « Ir(x7x)



LB a1
:_a;-ll. p1(x) = —=5 — / dece E_\/i\/_ _ f_
e fo dé€ve=¢ Jy ™V a Vzr 2«

5.-1:: “\,ﬁ\ o= R 01, 0 5, and

Largest eigenvalue:

1
Jo déges

Prob {Amax < pu} = / dffae_gpN(Mafa )
0

: CL : : _26nN T
Fn(u, &, a): largest eigenvalue distribution associated to e™ ~ « Ir(x7x)

0 €< 2«
FN(MafaOé)%{l €>%} as N — oo

1 oo
— Prob{\ < pt A —— dEEYe™s
1o { max ,LL} fo d€§a€_€ /2_a 55 €

np



Random Tiling Problems:

Emergence of curves
From the mists of randomness.



4 : ortil Clor.

*Hexagon with sides of length a,b,c,a,b,c. (a,b,c integers).
«Triangular lattice £, which includes (Pg, P4),(P4, P»),

(PZ’ P3)’(P3’ P4)

Py *Tile the abc-hexagon with rhombi, which come in
3 orientations.
*Equip the set of all rhombus tilings with uniform
probabillity.

C

How many tilings are there?
P;




4 : ortil Clor.

*Hexagon with sides of length a,b,c,a,b,c. (a,b,c integers).
«Triangular lattice £, which includes (Pg, P4),(P4, P»),

(PZ’ P3)’(P3’ P4)
Py *Tile the abc-hexagon with rhombi, which come in
3 orientations.
*Equip the set of all rhombus tilings with uniform
probabillity.
C
a b c =z .
i+ j+k-1
How many tilings are there? . -
P,
Interest: limiting statistics of tilings, when

size of hexagon goes to infinity.

W a=an, b=p0n, c=n,

with fixed «, 3, v, and n — o
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The Aztec Diamond of order n is the region given by |z|+ |y| < n+1

Tile this region by “dominoes” - 2x1 rectangles.
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Baik, Kriecherbauer, McL, and Miller:

lim Prob {c(aztop — B)n?/3 < 3} = Frw (s) .

n—oo



