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Abstract

We establish the existence of real pole-free solutions to all even members of the
Painlevé I hierarchy. We also obtain asymptotics for those solutions and describe their
relevance in the description of critical asymptotic behavior of solutions to the KdV
equation in the small dispersion limit. This was understood in the case of a generic
critical point, and we generalize it here to the case of non-generic critical points.

1 Introduction and statement of results
We first introduce the Painlevé I hierarchy, which has the Painlevé I equation
Qss = s+ 6(]2 (11)

as its first member. The m-th equation of the hierarchy is of order 2m and is defined
recursively. It has the form

m—1
s+ Lm(@)+ > tiLi1(q) =0,  ti,... tm1 ER, (1.2)
j=1

where L,, is the Lenard-Magri recursion operator defined by

Lo(q) = —4q, (1.3)
d 1d® d
The constants of integration in (I4]) are fixed by the requirements £;(0) = --- = £,,(0) =

0. One could also add a term ¢,,L,,—1 in ([2), but this term cancels after a simple
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transformation of the other variables ¢, s,t1, ..., t,—1. The first equations in the hierarchy
are given by (up to multiplication by a non-zero constant)

m=0: s—4qg =0,

m=1: q85:s+6q2,

m=2: Gssss = 45 — 40¢° 4 102 + 20qqss — 16t14,

m=3: q®) = 165 + 28qqssss + 564sqsss + 42¢%, — 280(q%qss + qa? — ¢*)
+ 16t2(6q° — gss) — 64t1¢,

m=4: q® = 64s + 3699'% + 108¢54'> + 228555555 — 504G Gisss

+ 1382, — 1512q2, — 184847 qss — 2016¢qs s
—2016¢° 4 3360¢3qss + 5040422
+ 16t3(—40¢° + 10¢2 + 20¢qss — ¢'V)
+ 64t (6¢% — qss) — 25611 ¢.

In the above equations we have written ¢\) for the j-th derivative of ¢ with respect to
s. We will call equation (2] the P/ equation, and we refer to [34], [38, [40, 43| 26]
for more information about the first Painlevé hierarchy. Given tq,...,t5,_1, solutions
to these equations are meromorphic functions in the complex s-plane, with in general
an infinite number of poles [40]. Heuristic arguments supporting the existence of real
pole-free solutions to the even members of the hierarchy were already given in [3] in the
case where t; = ... = t;,—1 = 0. Their asymptotic behavior was discussed in [37]. A
particular solution to the second member of the hierarchy appeared in [41l [42] in relation
with the Gurevich-Pitaevskii special solutions to the KdV equation |27} [39]. This solution
corresponds to the solution studied in [3] for ¢; = 0, and has applications in the study of
ideal incompressible liquids [32], B3] and quantum gravity [15], see also [25].
After the rescalings

U=-60"".q, X=60""".5, T =—-4-60"".1,

the second member of the hierarchy P12 becomes

X=TU — <%U3+i(U)2(+2UUXX)+ﬁUXXXX>- (1.5)
This equation was studied by Dubrovin in [16], where he conjectured the existence and
uniqueness of a real solution without poles for real values of X and T'. The existence of such
a solution was proved in [6] together with the asymptotic behavior U(X,T) ~ F(6|X])/?
as X — foo. In addition it is known that U(X,T) is also a solution to the KdV equation
Ur +UUx + 5Uxxx =0 [27, 139, 41, 42].

As a first result in this paper, we will prove the existence of real pole-free solutions
for all even members of the hierarchy, we will obtain asymptotics for them, and show that

they follow, as functions of the time variables ti,...,t;_1, the time flows of the KdV
hierarchy.
Theorem 1.1 Letm be an even positive integer. There exists a solution ¢ = q(s,t1, ... ,tm—1)

to equation (I.2) which has the properties



(i) q is real and has no poles for real values of s,t1,...,tm—1; for s,t1,...,t;m—1 in a
sufficiently small neighborhood of the real line, ¢ depends analytically on each of its
variables,

(ii) q satisfies the PDE

1 d
— L, =0, fork=1,...,m—1, (1.6)

. T 51 1 ds

which is (up to re-scaling) the k-th equation in the KdV hierarchy,

(iii) forty,...,tm—1 =0, q has the asymptotic behavior

q(s,0,...,0) = c|s|mr1 + O(|s|mi1), as s — %00, (1.7)
with
1
m—1 1\ m+1
o= SBuls) (27 (m+ L) . (1.8)
2 (2m + 1!

Remark 1.2 The above results are not true for m = 1, since it is known that there do
not exist real pole-free solutions to the Painlevé I equation [I]. Also for m > 1 odd, we do
not expect that our results can be generalized. Parts (i) and (iii) are the essential parts of
the theorem, part (ii) will follow from rather standard arguments that express the relation
between the Painlevé I hierarchy and the KdV hierarchy.

Remark 1.3 For tq,...,t,,—1 € R fixed, our asymptotic analysis can be generalized to
obtain the asymptotics

q(s,t1, . tm—1) :c\s\m;H +(’)(\s\_ﬁ), as s — £o00, (1.9)

see Remark 2.4 below. Note that the error term is weaker in the case of non-zero t;’s than

in (L7).

Remark 1.4 The leading order of the asymptotic behavior of ¢ as s — +oo for fixed
t1,...,t;m_1 is relatively simple, and can be formally obtained when neglecting all deriva-
tives of ¢ in the equations of the hierarchy. It was proved in [8] that solutions to the
Painlevé I hierarchy with this asymptotic behavior exist as x — oo in a sector containing
the positive real line. If one takes double scaling limits where t1,...,t,,_1 tend to infinity
simultaneously with s, the situation becomes more complicated. Then the type of asymp-
totics will depend on the precise scaling of all variables. For example it can be expected
that the asymptotics for ¢ can be expressed in terms of elliptic f-functions in some regions
and, for m > 2, in terms of hyperelliptic #-functions in other regions. For critical scalings
of the variables, one can even expect asymptotics for ¢ = ¢,, in terms of the pole-free
solutions ¢2, q4, ..., ¢m—o of the lower order equations in the Painlevé I hierarchy, and in
terms of certain solutions to the Painlevé II hierarchy, see the discussion in [32] and [4].



1.1 Critical behavior for KdV solutions in the small dispersion limit

Let us consider the KdV equation
g + 6uty + Uppy = 0, e > 0. (1.10)

For small ¢, this is an example of a Hamiltonian perturbation of the Hopf equation wu; +
6uu, = 0. Solutions to the Hopf equation exist only for small times, and develop a point
of gradient catastrophe after a certain time. Indeed, consider for example initial data ug
which are negative, smooth, tending to 0 rapidly at +-co and with a single local minimum.
Then the method of characteristics describes the solution in terms of the initial data:

u(z,t) =uo(§),  x=6tup(§) +§,
and the slope becomes infinite at the critical time

1
maxeer[—6ug(§)]

te =

The point z. and time t. where u, blows up, and the value u. = u(z.,t.) are also deter-
mined by the equations

F(ujz,t) := —z + 6ut + fr(u) =0, (1.11)
F'(u;z,t) = 6t + f1(u) =0, (1.12)
F'"(uyz,t) = f(u) =0, (1.13)

where fr, is the inverse of the decreasing part of the initial data ug. For generic initial
n

data we have fj”’(u.) # 0, which means that the Hopf solution behaves locally as

w(z, te) = ue — c(x — )3 + Oz — ), as T — Te. (1.14)
For non-generic initial data however, it can happen that f}’(u.) = 0 and that

w(z,te) = ue — c(x — a:c)m;+1 + Oz — x.), as T — T, (1.15)
for any even value of m. This is the case if the initial data are such that

D) = £ ) == ) =0, F Y () # 0. (1.16)

It was conjectured by Dubrovin [16}, 17,18, [19] 20] that the behavior of generic solutions
to any Hamiltonian perturbation of a hyperbolic equation near the critical point of the
unperturbed equation is described universally in terms of the pole-free solution to the
second member (of order 4) of the Painlevé I hierarchy: there should be an expansion of
the form

w(z,t,€) = ue+a e U <a26_6/7(a: — ze—as(t —t.)), aze Y7 (t — tc)> +0 (64/7> , (1.17)

in a double scaling limit where ¢ — 0 and simultaneously x — z., t — t. in such a way
that e %/7(z — x. — az(t — t.)) and e ¥/7(t — t.) tend to real constants, and where U is
the pole-free solution to equation (LB]). The values of aq,...,as depend on the equation
and the initial data, but not on x,t,e. In the case of the KdV equation, this was proved



afterwards [5] for analytic negative initial data with sufficient decay at +oo and with a
single local minimum, under the condition that the gradient catastrophe for the Hopf
equation is generic, i.e. f’(u;z.,t.) # 0. If this condition is not satisfied, we will prove
here that the KdV solution is no longer described in terms of the pole-free solution to
the PI2 equation, but in terms of a solution to a higher order equation in the Painlevé
I hierarchy satisfying the properties given in Theorem [Tl The order of the equation is
determined by the number of vanishing derivatives of fr: if we have (LI for m € 2N,

the pole-free solution to the P/™ equation of order 2m will appear.

We consider initial data ug(x) in the class of negative functions with only one local
minimum, and such that ug can be extended to an analytic function ug(z) in a region of
the form

S={2€C:|Ilmz| <tanb|Rez|} U{z € C:|Ilmz| < o}
for some 0 < § < 7/2 and o > 0. In addition we need sufficient decay at infinity,

uo(z) :(’)<|$|%+S> , >0, z€8, x— 0. (1.18)

The local minimum is localized at a point xp; and we assume that ui(xzar) # 0 and
uo(xpr) = —1.

Theorem 1.5 Let ug(z) be initial data for the Cauchy problem of the KdV equation sat-
isfying the conditions described above, and assume that we have (I.10) for m € 2N. Write
ue = u(x,, t.) for the Hopf solution at the point x. and time t. of gradient catastrophe of
the Hopf equation. We take a double scaling limit where we let € — 0 and at the same
time x — x. and t — t. in such a way that, for some 19,71 € R,

lim £ %~ 6;‘;52 —t) _ o _pm St (1.19)
k1/2€2"”+3 k3/2€m
where
I 2l ) TS

In this double scaling limit the solution u(z,t,€) of the KAV equation (II0) admits the
asymptotic erpansion

2 2 _ 2m+2 _ 2m 4
u(x, te) = uC—E62m+3q <e emt3 70 (xz,t,€), € 2mt3T(t,€),0,0,... ,0) +0O(e2m+3), (1.21)
where
T — T — 6uc(t —te) 3(t —te)
T()(.Z',t, 6) = - k‘l/; - ’ Tl(tv 6) = _kTgc‘ (122)

Here q(s,t1,ta,...,tm—1) is a solution to equation [I.2) which has properties (i)-(ii)-(iii)
given in Theorem [l

Remark 1.6 In the case of a generic critical point where m = 2, Theorem describes
the main theorem proved in [5]. The result is new for m > 2.

Remark 1.7 It is likely that the above result holds also for other equations in the univer-
sality class of Dubrovin [16], which contains among others the Camassa-Holm equation,
the de-focusing nonlinear Schrodinger equation, and the KdV hierarchy.



1.1.1 Correlation kernels in critical unitary random matrix ensembles

The first conjecture about the existence of real pole-free solutions to the P/ equations for
even m was posed in random matrix theory [2 3] in the case where t; = ... =t,,-1 = 0.
However, it leads no doubt that also the general case with non-zero t;’s is of interest when
studying critical unitary random matrix ensembles. Consider the space of Hermitian n x n
matrices with a probability distribution of the form

1
—exp(—ntrV(M))dM, (1.23)
Zn
where V is a scalar real analytic function with sufficient growth at 4oco, for example a
polynomial of even degree with positive leading coefficient. The limiting mean eigenvalue
distribution for random matrices in such an ensemble has the form [10]

k
duy (x) = Yy (z)de, Yy (x) = H \/(bj —xz)(x —aj)h(z), forxe Ule[aj, bil,
j=1

where h is a real analytic function. The number of intervals in the spectrum, the endpoints
aj,bj, and h(z) depend on the confining potential V' (z) and can be found in terms of the
unique solution to an equilibrium problem. Generically A does not vanish on the intervals
laj,b;], and in particular not at the endpoints aj,b;, so that the limiting mean eigenvalue
density vanishes like a square root at the endpoints of the spectrum [36].

The two-point eigenvalue correlation kernel in the model (L.23)) is given by

o BV(@) ~BV()

-1
Ky (z,y) = “— (Pn(2)Pn-1(y) = Pu(y)Pn-1(2)),
T —y Kn
where the p;’s are polynomials orthonormal with respect to the weight e~ on the real

line; the leading coefficient of p; is k;. Scaling limits of the two-point kernel give rise to
well-known limiting kernels such as the sine kernel in the bulk of the spectrum (where
Yy is positive) and the Airy kernel near an endpoint a; (or b;) where h(a;) # 0 (or
h(b;) # 0) [9, 11} 12]. Near points in the spectrum where h(x) = 0, more complicated
transcendental kernels appear in double scaling limits. Near singular edge points where
h(b;) = 0,h'(b; = 0),h"(b;) # 0, a kernel related to the P? equation was obtained [7].
Near higher order singular points where h(z) ~ c¢(z— bj)m+% for m even (the case where m
is odd cannot occur in unitary random matrix ensembles of the form (23])), it is natural
to expect a kernel related to the P/* equation. If one takes double scaling limits where
V depends on n in a suitable way, the limiting kernel should depend on s and also on
the m — 1 time variables t1,...,t,,—1. This is a difference compared to the situation in
Theorem [[L5] where only one time variable ¢; is non-zero.

Outline

In Section Bl we prove the results stated in Theorem [[LT] about the equations in the first
Painlevé hierarchy. We will construct the pole-free solutions ¢ in terms of a Riemann-
Hilbert (RH) problem which depends on s,t1,...,t,—1, and m. We will prove the solv-
ability of this RH problem for m even and s,t1,...,t;,—1 € R. This will imply the absence
of real poles for ¢q. Using a Lax pair argument, we will explain the relation between the RH
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Figure 1: The jump contour I'.

problem, the equations in the Painlevé I hierarchy, and the KdV hierarchy. An asymptotic
analysis of the RH problem will lead to asymptotics for ¢ as s — £oo.

In Section Bl we focus on Theorem We will state a well-known RH problem which
characterizes solutions to the Cauchy problem for the KdV equation, and rely on the
techniques developed in [13] 14} [5] to transform this RH problem to an equivalent one
suitable for asymptotic analysis as ¢ — 0. The main new point is the construction of a
local parametrix using the model RH problem associated to the pole-free solution to the
B equation studied in the first part.

2 Pole-free solutions to the Painlevé I hierarchy

In this section, we will construct the solutions ¢ occurring in Theorem [Tl in terms of a

matrix RH problem. At several points, we will refer to [6] where the proof of Theorem [Tl

has been given in the case m = 2, and where a more detailed exposition can be found.
We consider the following RH problem.

RH problem for V:

(a) ¥ : C\T — C2*2 is analytic, where I' = [J*

;=1 T'j is a contour consisting of four
straight rays

Iy :arg(¢ — %p) =0, [y :arg(¢ — 29) =46,

s :arg(¢ — 2p) =, Iy :arg(¢ — 2p) = -0,
each of them oriented from the left to the right, see Figure [l Here %y can be any
real number, and gz—iéﬂ' <0 <.

(b) ¥ has continuous boundary values W (¢) when approaching ¢ € T'\ {20} from the



left or right, and they are related by the jump conditions

V4 (¢) = U_(¢) (é }) , for ¢ €T, (2.1)
V()= (Q) (} (1’) , for ¢ € Ty U T, (2.2
V4 (¢) = U_(¢) (_01 (1)) , for ¢ € T, (2.3)

(¢) As ¢ — oo, ¥ has an expansion of the form

2

W(()=(TINN <I T hos¢Y2 4+ 1 i

where h, g do not depend on (, where

L (11 i /10
N—ﬁ(_l 1>€ 4 s O'3—<O _1>, (25)

(C ) 4 C27n+3 1 4 C2j+1 C /2 ( )
T ’ ’ 2m + 3 ] 1 2] + 1 J

Remark 2.1 The jump contour I' = I'(Zy, 0) of the RH problem depends on the values of
Zp and 6, but the RH solution corresponding to (2, 6) can be transformed directly to the
RH solution for any other value of (2(,6’), as long as gmiéﬂ' < 0’ < 7. This can be done
by analytic continuation of the RH solution W across its jump contour. In this section, we
will fix the values of 2) = 0 and 0 = 321?,)7?, but for the asymptotic analysis in Section 2.3]
we will need to choose Zg, 6 more carefully. Near %y, we need to impose that ¥ remains

bounded in order to have a unique solution.

The RH problem depends on s, ty,...,t,_1. For fixed real values of those parameters,
we will show that there exists a (unique) RH solution ¥({) and constants h and ¢ such
that (24]) holds. We have ¥ = W((;s,t1,...,tm-1), h = h(s,t1,...,t;m—1), and ¢ =
q(s,t1,...,tm—1). We will show that ¢ satisfies the conditions stated in Theorem [L.1]

Remark 2.2 If m = 0 and s = 0, this is a well-known RH problem which can be solved
explicitly in terms of the Airy function and its derivative. For m = 2, 5 = 60%/7¢,
T = —4-60"%/Tt;, and X = 60~/7s, we obtain the RH problem studied in [6] related to
the pole-free solution to the fourth order equation (L5 which is equivalent to equation

(@T2) for m = 2.



2.1 Solvability of the RH problem

In order to prove the solvability of the RH problem for ¥, we perform the transformation

2= (1) WO (2.7

where we have suppressed the dependence on s,t1,...,t,_1 in our notations. This leads
to a slightly modified RH problem for ®.

RH problem for &:
(a) @ is analytic in C\ I.

(b) We have the jump relations

1 e_2€(<)
B4(0) = 3_(0) (0 1 ) , for ¢ € T, (2.8)
1 0
¢+(C) = @_({) <e29(g) 1> 5 fOT C € FQ U F4, (29)
0 1
8.(0) = (Q) (_1 0) | for ¢ € T, (2.10)

(¢) As ¢ — oo, ® has an expansion of the form

D(¢) = (I + % + 0(<—2)> (TI%N. (2.11)

It is straightforward to verify by (2.4]) and (2.7) that ¢ is given by

q =A% 15— 24111, (2.12)

Following the general procedure developed in [24] 23] [TT], the solvability of a large class
of RH problems is equivalent to the fact that a homogeneous version of the RH problem
has no solution except the trivial zero solution. This follows from the observation that a
singular integral operator associated to the RH problem is a Fredholm operator of index
zero. This procedure is explained in detail in [11, 28] and in [6] for the above RH problem
in the case where m = 2. All of the arguments work for general m and general real values
of the t;’s and we will not repeat them here. In order to have solvability of the RH problem
for @, it is sufficient to prove the following vanishing lemma.

Lemma 2.3 (Vanishing lemma) Let s,t1,...,t,m—1 € R, let Oy satisfy conditions (a)
and (b) of the RH problem for ®, and let in addition

0o(¢) =0, as (oo, (2.13)

Then ®¢ = 0.



Proof. The proof of the vanishing lemma is almost the same as in [0, [11] and goes as
follows. We first collapse the jump contour I' in the RH problem for ® to the real line.
We do this by defining

A(C) = ®o(¢) ((1) _01> : for 0 < arg ¢ < 6,
40 =20 (0 ) (0 ). for 0 < arg < .
A(C) = B (C) (_6219(0 (1)> , for — < arg( < —6,
A(Q) = @0o(¢), for —0 < arg ¢ < 0.

Then one verifies using the jump relations for ®g that A is analytic in C \ R, and that it
has the jump properties

1 _626+(C)
A+(C) =A_ (C) <e20(C) 0 > s for C S R_, (214)
6_26(<) _1
440 = A-(Q) ( o ) | for ¢ € R, (2.15)

As ¢ — oo, the behavior of A follows from the asymptotics for &y and the fact that the
exponentials in the definition of A are uniformly bounded. We have

AQ =0, as¢— o, (2.16)

uniformly for ¢ € C\ R. Then we define Q(¢) = A(¢)A((), where A¥ is the Hermitian
conjugate of the matrix A. @ is clearly analytic in the upper half plane, because A is
analytic in the upper and lower half plane, and it is continuous up to R. As { — oo, we
have Q(¢) = O(¢%/?), which implies that

/RQ+(§)d§ =0 (2.17)

by Cauchy’s theorem, and using (2.14))-([2.15]) we obtain

1 _620+(£;57t17~-~7tm71)
/ A (5) <e26(€§57t17---7tm1) 0 > A]:I(é')dé.

20855t tm—1) H
+ A_(&) < ) AZ(6)dE =0. (2.18)
R+ 1 0
For real values of s,t1,...,t,_1, we have
0-1—(6) Syt1, ... 7tm—1) = 9—(57 Syt1y. e 7tm—1)7 for g < 07

10



and adding (Z.I8) to its Hermitian conjugate, we obtain

2~ 20(&;8,t1,0tm—1) ()

[a@(f o) an@as [ ao(* ) A€ =0. (219

Since e 20(&st1ntm—1) ~ () this implies that the first column of A_ is identically zero
(because it is continuous). The jump conditions (2I4))-([2I5]) can be used to prove that
the second column of A vanishes as well.

Writing out the jump relations for the entries of A for which we have not yet proved
that they vanish, the RH problem for A decouples into two scalar RH problems. The same
argument as in [I1, Step 3 of Section 5.3] shows that those scalar RH problems have only
the zero solution, and that A = 0. Consequently we have that &y = 0, which proves the
vanishing lemma. a

As a consequence of the vanishing lemma, the RH problem for ®, and thus also for ¥
(one can invert the transformation defined by (2.7))), has a solution for real values of the
parameters s,%1,...,tm—1.

It follows from the general theory of RH problems that the subset of C™ of values
(s,t1,...,tm—1) where the RH problem is solvable, is an open set, and this implies in
particular that, for any (s,t1,...,t,—1) € R™, there exists a neighborhood in C™ such
that the RH problem is solvable also in this neighborhood. Moreover if this neighborhood
is chosen sufficiently small, condition (24]) is valid uniformly, see [6], and ¥, ¢, and h
depend analytically on each of the variables s,t1,...,t,—1. Values of (s,t1,...,tm—1)
where the RH problem is not solvable, correspond to poles of ¢.

2.2 Relation between the RH problem, the Painlevé I hierarchy, and
the KdV hierarchy

We will show that the function ¢ appearing in the asymptotic expansion (2.4]) solves
equation ", and that it also solves the equations in the KdV hierarchy. This follows
from Lax pair arguments which are rather standard, see e.g. [21, 22, 29] in general and
[35] [43] for the Lax pair corresponding to the first Painlevé hierarchy. We recall the
arguments briefly for the reader’s convenience.

2.2.1 Lax pair in s, ¢, and

Since WV is differentiable in s, we can define

L(¢) = T(QU(O) ™, A(Q) = Te(Qu(O) ™ (2.20)

The jump matrices for ¥ do not depend on ¢ and s, so L and A are entire functions in
the complex plane, and because of the asymptotics (2.4]), they are polynomials in {. For
L, one deduces directly from (2.4) that

Ly = <C + (i(z)s +q) é) - << —I?Zq (1)> ’ (2:21)

where it was used in the latter equation that hy, = ¢. This follows by developing ¥ W1
as ( — oo and imposing that the 12-entry of the (~'-term is zero. For the (-derivative,

11



we use (2.4)) to conclude that A is a polynomial of degree m + 1,

m—+1

AQ) =D A, (2.22)
§=0
where the A;’s depend on s,%q,...,t,—1 but not on (. Let us take a closer look at the

12-entry B(¢) := A12(¢): by (Z4) and (2.20)), it has the form

m—1
B(Q) = B + > trBM(Q), (2.23)
k=1
where %) is a polynomial of degree k — 1 which can be written in the form
k—1 Loy
&) () = —J=2 ]
B =D =5 (2.24)
7=0
where £; is independent of the value of k£ in the above formula, and £_; = 4, Ly = —4q.

Similar formulas can be obtained for the other entries but are not needed.
Now, as in [43], write

A(Q) = <: _ﬁo) (2.25)

(it is easily verified that Tr A = 0). Then ¥, = ¥ implies the compatibility condition
Le—Ag+[L,A] =0, (2.26)

and if we write this down entry-wise, we find

as+B(C+2q) —v =0, (2:27)
Bs +2a =0, (2.28)
¥s —1—2a(¢ +2q) =0. (2.29)

We solve the second equation for o and then the first for v, and we substitute their values
in the third equation. This gives

3B — 26,(C +20) — 20,8+1=0. (230)

The degree m + 1 term in ([230) is trivial, and the degree m term reads 4¢s + Lo s = 0,
which we knew already since £y = —4q. From the term of degree j with 1 < j < m — 1,
we get

1
§£m—j—l,sss - 2£m—j,s - 4qﬁm—j—l,s - 2QS£m—j—1 = 07 (231)

and the constant term in (2.30) gives

1 /1
1+ Zﬁm—l,sss _2Q£;n—1 —qsLm—1+ Z t; <Z£j—2,sss - 2qﬁ9—2 - QSﬁj—2> =0, (2-32)
j=1

12



or

m—1

d d
Lt =L + ; tigLi-1=0. (2.33)

Integrating this equation gives the P equation (I2]). One shows using the asymptotic
behavior of solutions to the Schrodinger equation ¥, = LW that the constants of inte-
gration when integrating (Z33) and (Z3I)) are zero. This proves that ¢ solves the P;*

equation (L2]).

The jump matrices for ¥ are also independent of ¢1, ... , ty_1, and consequently B*) =
¥, U1 is a polynomial of degree k + 1 in (. Exploiting the compatibility of the #j-
derivative with the s-derivative, an analogous argument as before leads to the time flow

1

sy

d
= (2.34)

2.3 Asymptotics for ¢

We will now analyze the RH problem for ¥ asymptotically as s — +o0o. We will use the
Deift/Zhou steepest descent method to obtain asymptotics for W. For m = 2, this analysis
has been done in [6], see also [30, B1]. For m > 2, the general approach remains the same,
but in particular the construction of the g-function and the contour deformation are more
delicate.

2.3.1 Re-scaling of ¥

Until now, we have always considered the RH problem for ¥ corresponding to Zy = 0 and

0= gﬁigw, see Remark [2.J1 For the asymptotic analysis of the RH problem, we will need
other values of Zy and 6 which we will specify later.
Define
10 1
YO = () o) STt o) (2.35)

RH problem for Y:
(a) Y is analytic in C \ I'(z, ), where zo = |s|_m;+120.

(b) We have the jump conditions

Yi(0) = Y-(C) (é }) , for ¢ €Ty, (2.36)
Yo () =Y () G ?) , for ¢ € Ty UTy, (2.37)
Yo (() =Y. () (_01 é) , for ¢ € Ts. (2.38)

13



(¢c) As ¢ — oo, we have

— T AL -2 Sl gy T8 1SS (Gt 1)0
V() = (T+ 1 7T A +0(C) oo~ F Ne St

(2.39)
where
~ _2m+3 1
0(C;8,t1, .o tmet) = |8| 2m20(|s|m+1(; 8,81, -+ s tm—1) (2.40)
S <><1/2+MZ_1 tyls| T ¢ (2.41)
= sgn(s |s| ™ .
2m + 3 & 2417
The matrix 4; in (2.39) is the same as in (ZI1), so (2.I2) holds.
2.3.2 Construction of the g-function
We proceed with our analysis in the case where t1,...,t,,—1 = 0. Straightforward modifi-

cations described in Remark [2.4] allow us to treat also the general case where the ¢;’s are
fixed. We search a g-function g = ¢g((; s) of the form

9(¢) = (¢ — 20)*?p <Z—CO> , (2.42)

where p(z) is a polynomial of degree m. Its coefficients and zy are uniquely determined
by the condition

9(Q) =0 +0(?),  as¢— oo (2.43)
We have

A B 4 2m3 1/2

Q) = 55 ¢ +smn(s)2 (244)

and because
_ _ 2+
(C—20)?=¢?P 14 %%C aE as ( = oo, (2.45)
= !

([2:43)) requires us to take p of the form

4 - s (27 + 1!
p(z) = p— 326”;)cjzm 7, cj = BT (2.46)

The missing condition in order to have (2.43]) is

2t 1) .

20 = —sgn(s) ( @m + DIl

14



With this choice of g, we have

2m+3 - ©
elsI?m 2 (9(0)=0()os — 1 4 Z dpob¢F/2, as ¢ — 00, (2.48)
k=1

where the coefficients d can be calculated but are not important. Since the determinant
of the left hand side of ([2.48)) is 1, we have

1
dy = §d§. (2.49)

Remark 2.4 If the ¢;’s do not vanish, we need to modify p and 2o, but ([2:43) still deter-
mines the coefficients ¢; of the polynomial

4

m
p(z) = n 3z6n Z c;z" Y (2.50)
j=0

2m

uniquely. We don’t need their explicit form, it is sufficient to know that

(27 + 1! _ 2
cj = o + O(|s|” m+1), as |s| — oo, (2.51)
1
2m~1 INIANEE
20 = —sgn(s) <ﬁ> + (’)(\s\_mi“), as |s| — oo. (2.52)
To prove Theorem [T we only deal with the case where t; = ... = t,,_1 = 0, but the

entire analysis done below can be easily generalized as long as the t;’s remain bounded.
Formula (L9]) will then follow from (Z.74]) together with (2.52]).

Proposition 2.5 We have

9(¢) >0, for ¢ > 2o, (2.53)
Img/, (¢) > 0, for ¢ < zp. (2.54)

Proof. For the first equality, we first prove that p(z) > 0 for z € (—oo0, —3/2]U[—1, +00).
Since the coefficients of p are positive, this is clear for z positive. For —1 < z < 0, we have
4

p(z) = ST 326”’ ((em — cm—1l2]) + 22(Cm_g — cm_3|z]) + ... + 2" % (cy — c1|2]) + cz™),

and all the terms in this expression are positive since the c¢;’s increase with j. For z <
—3/2, a similar argument shows that p(z) > 0 (the terms in the sum are alternating
and their absolute value increases with the degree). This implies that g({) > 0 for % €
(—00,—3/2] U [—1,+00]. In the case where zg > 0 (or s < 0), this implies (2.53]), for
29 < 0, we still need an estimate for % € (=3/2,-1), or ¢ € (—z0,—32). We already
know that g is positive at both endpoints of the interval, so it suffices to prove that g(¢)

is monotonic on (—zo, —329).

Write ¢/(C) = (¢ — 20)"/2g() with

15



We will show that ¢(z) is strictly positive for all z € R, which implies ([2.54]), and also
the fact that g(¢) is monotonic on (—zg, —3z9), which completes the proof of the first
inequality.

For z € (—oo, —1]U[~1,400), it is not difficult to see that ¢(z) is positive. Indeed, the
terms in the sum are either positive or alternating and monotonic with increasing degree.
For -1 <z < —%, write

3

~m 13
ZOTz2_mq(z) - <z2 + 50+ §> + (b%_lz—%” n bgkz_2k+2) . (2.55)
k=2

The first part is bigger than %, and each part of the sum reaches its minimal value on
[—1,—1/2] at —1. Since the b;’s are decreasing, rearranging the alternating terms, we
obtain the estimate

l3

—m
20

5 5 5
2 Zz_mq(z) > 16 + (—=bog—1 +bog) > — — — + by, > 0.

prt —16 16

O

The above result enables us to apply the Cauchy-Riemann conditions, which leads to
the following corollary.

Corollary 2.6 There exists a 8 > 0 such that Reg({) < 0 if arg(¢ — z0) =7 £ 6.

We still have the freedom to choose the values of 6 and 2y that determine the jump contour
I'(29,0) for Y. We take zp as in (2.47) and 6 such that the above corollary holds.

2.3.3 Normalization of the RH problem
Define

S(o:( ! 0) Y(@)e‘ﬂ%g“m, (2.56)

dy|s|zrz 1
so that we have
RH problem for S:
(a) S is analytic in C \ I'(29, 0).
(b) For ¢ € I'(20, 0),

S4(Q) =5-(¢) ((1) e_zsPr_ﬁg(O) : for ¢ €Ty, (2.57)
1 0

S+(Q) =5-(¢) (éﬂ%g(é) 1) ; for € To U Ty, (2.58)

$1(¢)=5(0) (_01 3) | for ¢ € T, (2.59)
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(¢c) As ¢ — o0, S behaves like
S(Q) = [I+ B¢+ 0(¢)] [s| ™1 ¢ 3N, (2.60)
and q is given by
q= |5|%“B12,12 - 2|3|ﬁ“31,11- (2.61)

As s — 400, the jump matrices for S tend to constant matrices except near zg: indeed on
I'1, 9, and I'y we have exponentially fast convergence to the identity matrix by Proposition

and Corollary 2.6, and on I's, the jump matrix is identically equal to (_01 (1)>

2.3.4 Global parametrix

In the limit s — 400, if we ignore a small neighborhood of zy, the RH problem for S
reduces to a RH problem with a jump only on (—o0,zp). We can explicitly construct a
solution P(>) to this RH problem.

RH problem for P(>);

(a) P(®) is analytic in C\ (—o0, 2].

(b) We have

P(¢) = P() <_01 é) . for (€ (=00, 2). (2.62)
(c) As ( — oo,

PO(Q) = (T+0(C7Y) s 7m7 TN, (263)

This RH problem can easily be solved explicitly: if we take
PI(() = |s| T (C — 29)" TN, (2.64)

one verifies that P(°) satisfies the required conditions. The asymptotic condition (Z.63)
can be specified as

PI() = (1 + i—gag + 0(4—2)> |s| amti ¢ N, (2.65)
We will show that P(°°) determines the leading order asymptotics of S and thus indirectly
of the P/™ solution ¢, by (Z6I). Therefore we first need to know that there exists a local
parametrix near zyp which matches with the global parametrix.

2.3.5 Local parametrix near z

Let us fix a small neighborhood U of zj, for example a small disk. Given m and sgn(s),
we take U fixed for |s| sufficiently large. Near zg, the g-function vanishes like ¢(¢ — 2p)%/2.
Following a well understood procedure, one can explicitly construct a local parametrix
in U in terms of the Airy function and its derivative. We refer to [6] for the explicit
construction (and to [9, 11l 12] for similar constructions). The only thing that we need
here, is the existence of a local parametrix which satisfies the RH problem

17



RH problem for P:
(a) P is analytic in U \ T'(zp, 0),
(b) for ¢ € I'(20,0) NU, P satisfies exactly the same jump conditions than S (see (Z.57))-

2.59)),
(c) for ¢ € U, we have

PP =T+ 0(s| ™), as s — +00. (2.66)
2.3.6 Final transformation

Define

_ S)PC), for ¢ € U,
o= {S(C)P(C’O>(C)‘1, for (€ C\T. (2.67)

Then R is analytic in the interior of U and across (—oo, z9) because the jumps of S cancel
against the jumps of the parametrices P and P(>). On the boundary of U, the matching
of the local parametrix with the global parametrix, see (2.66]), implies that R has a jump
that is I + O(|s|™!) as s — +o0.
RH problem for R:
(a) R is analytic in C\ X g, with X = (I'\ U) U dU,
(b) R4(¢) = R—(Q)vr(() for ( € Xg, where
vr(¢) =T+ O(|s|™), as s — +oo, for ¢ € 9U, (2.68)
vR(¢) = I + O(e~clsllcl+1)y) as s — +oo, for ( € ¥p\ U, (2.69)
(c) There exists a matrix Ry = Ry(s) such that R(¢) =1 + R (™t + O(¢?) as ( — oo.

It is a standard fact that the solution to a RH problem of this form (with small jump
matrices and normalized at infinity) is close to the identity matrix [I12]: we have

R(C) =T+ 0O(s|™), as s — %00, (2.70)
and for the residue matrix at infinity we have

Ri(s) = O(Js|™h), as s — £oo. (2.71)
Using (2.65) and (2.67]), one derives the identity

R =B — Z—Oag, (2.72)
and this implies that

Bii = % +O(s|™Y),  Bi=0(s"),  ass— +o. (2.73)
By (2.61]) we obtain

q(s) = —Z—OISI#H + O(|s|"mT), as s — %00, (2.74)

Now (LL7) follows from (2.52]), and the more general asymptotic formula (L.9)) follows from

(2.52).
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3 Critical behavior of solutions to the KdV equation

In this section we will prove Theorem and show that the pole-free solutions to the
even members of the Painlevé I hierarchy describe the critical behavior of solutions to the
KdV equation. A RH procedure to obtain asymptotics for KdV solutions was developed
in [13| 14]. In [5] the method was used to prove Theorem in the generic case where
m = 2. For the sake of brevity and because many of the arguments are valid also for
m > 2, we will refer to this paper at several points. In the RH analysis of the KAV RH
problem, we will construct auxiliary matrix functions S, P() P and R. They are not
the same functions as in the previous section, we hope this does not cause any confusion.

3.1 RH problem for the KdV equation

Given initial data ug(x) satisfying the conditions specified in the introduction (i.e. ug(z)
is negative, real analytic, has a single negative hump, and decays sufficiently fast at +00),
we are interested in the solution u(x,t,€) to the Cauchy problem for the KdV equation
(LI0). The following RH problem characterizes u(x,t,€) at any time ¢ > 0.

RH problem for M:
(a) M :C\R — C%*? is analytic.

(b) M has continuous boundary values M, (\) and M_(\) when approaching A € R\ {0}
from above and below, and

30 =30y g e Gt ) ora<o

Mi(AN)=M_(Noy, o1= <(1) (1)> , for A > 0,
with a given by

a(h;x,t) = 4t (=N)32 + z(=\)Y2. (3.1)
The branches of (—\)3/2 and (—\)Y/? are analytic in C \ [0, +00) and positive for
A <0.

(c) As A\ = oo,
1 1
M) = (I+0\ ™) : (3.2)

V=X —iv—=\

The solution M = M (\; z,t,€) depends on x,t,e. If r(\; €) is the reflection coefficient from
the left for the Schrédinger equation 62% f+uo(z)f = Af with potential g, then it is
known that

u(z,te) = —22'63 lim (\/—_/\[Mll(/\;az,t,e) - 1]) (3.3)

T A—o0
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Y

Figure 2: The jump contour Yg after the transformation M +— S

is the solution to the KdV equation with initial data ug(z) at time ¢ > 0. Using certain
smoothness and asymptotic (as € — 0) properties of the reflection coefficient, the RH
problem for M can be transformed to a RH problem with modified jump matrices. We
refer to [5] for the explicit construction of the function S which satisfies the RH problem
stated below, with jumps on a deformed jump contour, see Figure 2t lenses are opened
along an interval (—1 — 0, u.) for some small 6 > 0. The point u. is the Hopf solution
u(zx,t) evaluated at the point z. and time t. of gradient catastrophe.

RH problem for S:
(a) S is analytic in C\ Xg,

(b) S+(A\) =S_(ANvs(A) for A € Xg, with

1 Zo)
<0 ) ; on Xy,

0 —
< Aiz) > ) on Y9 = X,
vs(A\) = ik(\;€) 1 (3.4)

72Z¢+()\SC . ()\’6)
ik(Ne) (1= |r(\)? )e%‘z’*(’\m

) , as A € (ug,0),

as A € (0,+00),
and for A € (—oo0, —1 —J), we have
vs(A) = I + O(e” (A, ase— 0, c>0, (3.5)

uniformly in A for x,t sufficiently close to x., tc.

() SN =T +0(0\1) (Z\/l__)\ —Z\}—_/\> as A — 00.

S can be expressed explicitly in terms of M [5], and it follows from this explicit expression
that

.0
u(z,t,€) = ue — 2168—1'51711(33, t,e), (3.6)
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where
51711 (a;, t, 6)
ﬁ
The function k can be expressed in terms of the (analytic continuation of the) reflection
coefficient and satisfies the important asymptotic property

k(Aj€) =14+ O(e), for A € 1 U [u, 0], as € — 0. (3.8)
Furthermore ¢ depends explicitly on the initial data:
d(N; 1) = Ve — Ma — To — 6uc(t — te)) + 4(ue — )\)3/2(t — )
—I—/ ) + 6t.)\/§ — NdE. (3.9)
A

SNzt e) =1+ + 0™, as A — 00. (3.7)

If
4 m m—+1
D) = P ue) = fPue) = ... = f™we) =0, " Du) £0, (3.10)
repeated integration by parts gives (since f7 (u.) + 6t. = 0)

d(N; 1) = Ve — Mz — xo — bue(t — ¢ )) + 4(ue — )\)3/2(t — )
m+1 2m+1
2m +1) @2m+ 1! / f —

For any fixed neighborhood U of w,, it was also proved in [5] that there exists § > 0 such
that

(3.11)

ss(\) = {I—i—(’)(e 9, for A€ g\ U U (ug, +0)), a5 0. (312)

io1 + O(e),  for X € (u.,0)\ U,
if |z — 2. <0 and |t —t.| < 0.

3.2 Construction of the global parametrix

If we ignore the jump matrices that are small as ¢ — 0 and the jumps in a fixed sufficiently
small neighborhood U of u., we obtain the following RH problem:

RH problem for P(>):
(a) P :C\ [ue, +o0) — C>*2 is analytic,

(b) P(*) satisfies the jump conditions

P = plg, on (0, +00), (3.13)
PJ(FOO) = z’PEOO)Ul, on (ue,0), (3.14)

(c) P(*®) has the following behavior as A\ — oo,
- _ 1 1
PN =T +0(0\™h) (i(—A)W —z(—A)W) : (3.15)
This RH problem is solved by

PN = (=AY (u, — X) 773/ (1. 1.) . (3.16)

1 —1
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3.3 Construction of the local parametrix

We need to construct a local parametrix in a neighborhood U of u.. As € — 0, we have
k(A) = 14 O(e), and we will construct a function P, defined in ¢, which satisfies the same
jump relations as S, but in the limiting case where k is set to 1.

RH problem for P:
(a) P:U\ Xg — C**? is analytic,
(b) P satisfies the following jump condition on U N Xg,
Py(N) = P-(Aop(N), (3.17)
with vp given by

(1 ieZo(Nat)

, as \ € X,
0 1

1 0
vp(A) = (ie—%‘i’@?m) 1) , as \ € X, (3.18)

1

i
, as A€ (ue,0),
0) (10

(c) in the double scaling limit where ¢ — 0 and simultaneously  — ., t — t. in such

a way that
— de T c t— tc . —=3(t — tc
limx x2m+§u ( ) = 70, hm% =T1, T0,71 GR, (319)
€2m+3 k1/2 €2m+3 3/2
with k given by (L20]), we have the matching
PPN =T, for \ € OU. (3.20)

We will use the RH solution ¥ = U™ studied in Section 2l to construct the local
parametrix P. First we transform the RH problem for ¥ to a RH problem for & which
models the jumps needed for P in an appropriate way.

3.3.1 Modified model RH problem
Define

O(Cis,t1) = € T WG 5,11,0, ..., 0)el G310 00 <[j ‘01> i (3.21)

for Im ¢ > 0, and

_ T

D((;8,t1) =€ 173W((;8,t1,0,... ,O)ee(c;s’tl’o’”"o)”6%03 (3.22)
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for Im ¢ < 0. We also write

~ 4 2m+3 4

G(Ces 1) — — o) 32 _\1/2 9

(Gsit) = —5—= (=05 = 2t (=02 + 5(=0)12, (3.23)
which is related to 6 in the case where to = ... = t,,,_1 = 0, but with its branch cut on

(0, +00). One has the identities

9=if., on(0,+c0), H=1if, onTy,  O=—if, only. (3.24)

Then it is straightforward to verify that ® solves the RH problem

RH problem for &:
(a) @ is analytic for ¢ € C\ f, with T = TMul,NTy.

(b) @ satisfies the following jump relations on T,

(I)-i-(C) _ (I)—(C) (6—22'04;(4;871&) (Z)) 7 for C c Fl, (325)
() = D_(0) (é ”f’) , for ¢ € T, (3.26)
1 0
O, (()=2_(¢) (ie—%(;(c;s,h) 1) , for ¢ € I'y. (3.27)
(¢) @ has the following behavior at infinity,
2(¢) = (074 (1) 1) (4 inoa-072 1 o). (3.28)

with the branches positive for ¢ < 0 and analytic off [0, +00).

We search for a parametrix P of the form

_ 2m+2

P(\) = E(\; )®(e 775 f(A); € amisro( A, 1), € mmismy (Ast)), (3.29)

where E, f, 79,7 are analytic in Y. So we evaluate ®((;s,t1) at the values

__2 _ 2m+2
¢ =€ 2mi3 f()\), s=c¢€ 2m379(N\;x,t), (3.30)
t; = 6_231%7'1()\; t), (3.31)

and we will construct f, 79, and 71 in such a way that

5(6_W2+3f()\); e_gz—ﬁm()\;x,t),e_%ﬁ(& t)) = 1(15()\;33,t). (3.32)
€
This condition is satisfied if we define f by
4 2mts 2m te (m+1) 2m+1
g (I = et [ - 0 (33
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71 by

—GO IO = 40— e — NP2, (334)

and 19 by
o2, ) (—F(N)2 = Ve — Ma — 2 — 6uc(t — te)). (3.35)

Indeed, summing (B.33)-B35) gives 332) by (BII). This defines f, 79,7 analytically

near u., and we have

m—1 2m+3
Flue) =0,  f'(ue) = Gﬁ fgm“)(uc)) — k>0, (3.36)
71 (ue) = —%, (3.37)
To(ug) = =2 _kf}f(t —t) (3.38)

Since f is a conformal mapping from a neighborhood of u. to a neighborhood of 0, we can
choose the lenses of the jump contour for S in such a way that f(XgNU) C . Then for
any analytic function E near u., P satisfies the required jump conditions on g NU (see
(BI7])), but we also need the matching ([3:20]), which has to be valid in the double scaling
limit where € — 0, x — x, t — t. in such a way that (8.19) holds, or in other words

. —2m42 . __2m_
lim e~ 2m+3 79 (ue; x, t) = 70, lime™ 237y (u;t) = 71.

If U is sufficiently small, (e_gzigm()\;x,t),e_ 23:137'1()\; t)) will lie in a small complex
neighborhood of (79, 71) for A € oU. By ([B.20), we have

I = ) (—e T o)) ae (L]
P(N)P) (N 1—\/§E(A)( f) <_1 1>

(I tihoseTaTE (— f(A) Y2 4 O(eﬁs)) PN, (3.39)

as € = 0, where h = h(e~ B3 To(A; 2, 1), € 2013 T1(A;t)). If we define

B = =P (1 ) e (3.40)

it is easily verified that F is analytic in U/ and that we have

PP\~ = ple)())
(1 +ihosezars (— f(A) Y2 4 O(eﬁs)) PO, (3.41)

in the double scaling limit, for A € OU.
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3.4 Final RH problem

We define R in such a way that it has jumps that are uniformly I+ O(e 2ml+3) in the double
scaling limit: we let

S\ @, t,€) P (\) AeC\U
R(\;x,t,e) = (X2, €) S . as A€ CAU, (3.42)
SNz, t,e)P(A\;z,t, )™, as AeU.
Then, using the fact that
vs(\;z,t, € )vpt (N2, t,€) = T+ Ofe), uniformly for A e Y NXg as € — 0, (3.43)

one can verify that R solves a RH problem of the following form.
RH problem for R:
(a) R is analytic in C\ (g U dU).

(b) R has the jump condition Ry (\;x,t,e) = R_(\;z,t,€)vg(A;z,t,€) for A € Xg U U,

where
vp(\z,te) = T+ O(e™ %), for A € ©g \ U, (3.44)
vr(Ax,t,e) =1+ O(e), for A € ¥gNU, (3.45)
vr(Njx,te) =1+ (9(62m1+3), for A € oU, (3.46)

in the double scaling limit where ¢ — 0, * — x., t — t. and simultaneously
_ 2m+42 __2m
e 2mt37g(uc; x,t) = 19 and € 23Ty (uept) — 7.

(¢) As A — oo, we have

Rl (.’L’, ta 6)

S+ O\?). (3.47)

R(X\;z,t,e) =1+

On 0U with clockwise orientation, the jump matrix has the form

vr(Njx, te) =1+ vl()\;az,t)eﬁ + O(eﬁ), (3.48)
with

vi(A;z,t) = ih - (—f(N)"Y2P) (X))o P (A) 7L (3.49)

This is a meromorphic function in & with a simple pole at u., the residue is given by

Res(ursue) = —(e B mucia, 0, n s )6 (7). (3.50)
Then as in [5, Section 4] one can conclude that
Ri(2,t,€) = €73 Res(vy; ue) + O(eZn73), (3.51)
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and by (3:6) and (B38) this leads to

0
u(z,t,e) = uc— 26%R1712($,t, €)
_12 2 87’0(uc;gj,t) _ 2m42 _ 2m 4
= U+ 2k /“emts 87(](6 2mt3 70 (Ue; T, t), € 237y (e t),0,...,0) + O(e2m+3)
x
—1 _2 _2m+2 _ 2m 4
= U, — 2k e2mts Q(E 2m+3 TO(UC; x, t)a € 2m+3 Tl(uc; t)7 0,... 70) + O(€2m+3 )7

which proves Theorem
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