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Dispersionless 2D Toda hierarchy is equations on a function F = F(ty,t,t),
that depend from a variable tg and two infinite sets of variables
t={t1,to,...}, t = {1, b2, ...} The hierarchy is presented by equations on
formal Laurent series from additional variables z and ¢
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O = 8/81‘;(, gk = 8/8Ek
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We consider formal solutions i.e. solutions in form of formal Taylor series

F(t07t7f) =

Z F(p’lnu27 cee 7:U'€|/_/’17ﬂ27 cee 7ﬂZ|t0)tu1 tp - - - tﬂkfﬂliﬂz Tt EH['

B12p>. 2 >0
R12fip2...27>0

The indexes i1 > p2 > ... > pp >0and i1 > iz > ... > iz > 0 form
Yang diagrammes A and A.

Denote by ta = ty, t, ... ty,, and tg = tg, ta, ... tu;. Then

F(to,t,8) = F(OI0]to) + > F(AlDIto)ta + > F(B|A]to)E5
A A

+> F(AlAlt) tats,
AA
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We find all formal symmetric solutions, i.e solutions where
OkFlt, = OkFlt, = 0 for k # 0. Here and later
gl = g(to, t,t)|s, = g(to,0,0) means the restriction on tp.

Theorem 1 Any formal symmetric solution of 2D dispersionless Toda
hierarchy F is defined by his restriction on F|;, and is equal

F=Fl,+
S1...-5Sm r s Fm { £Sm
> > Naay (ri...rm) OgH(F1) ... Opm(F°m) tats, (4)

|A\:\A| s1+...+sm=|A] ~
ri+...+rm=m+L(A)+L{(A) -2
where f(ty) = exp(agF\to),
Al is the order of Young diagram A and #(A) is the number of rows A.
g diag
51...5m

Coefficients Nip|a) fn...m

are found by some recursion relations.
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| outline a scheme of proof.
We find, at first, relations on F, that follow from the equation (1)

(z = &) exp(D(2)D(€)F) = zexp(—0oD(2)F) — Eexp(—doD(€)F),

The left part is

(2 = €)ePOPOF = (z = )(1 + (D(2)D(E)F) + 5(D(2)DE)F) +---) =
(z=9)(1+z"" i jffalajﬂfl i jzj818JF+22§2h(z7 £, t,%) =
Jj=1 j=1

(z-)+)> Jl.g—falajF -y jz—fala,-F +27267%(z2 — &)h(z, &, t, 7).
j=1 j=1
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The right part is a sum of a function of z and a function of &.

Thus ze~%D(2F = z j “010;F and h(z,¢,t, ) = 0.
j=1

x .
The equation ) Jlf.z_fal(‘)jF =z — ze~0D(F gives

j=1
o.¢] .
(_1)m+1 J
8181F = Z T Z m[‘)oale. .o aoakmF
m=1 k1++km:j+1

ki >0

The equation 0 = h(z,&,t,T) = kij(t, t)z~'¢~/ means k;(t, ) = 0 This
ij

is equivalent to

0ioF =" > Pii(51, ey Sm) - 0101 F -+ - D105, 1 F
Mls s =it
si>1
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Thus

9i0;F = 3 > Tii(P1s .- Pm) - O0Op, F -+ 000p,, F
mlg 4 b=t
si>1
and
0,0;, -0 F =
3 T (3275 0104, F - - s, F
Z Z 1l gl . e S1 0 Smt -

Mlo o bsm=i+ ik
b+ +lpm=m+ k-2
si, ;> 1

Herewith the coefficients Tj,...;,

(51 o Sm> are calculated during the proof.
2.

In particulary, 9, 0j, - - - 0j, F|¢, = 0 for all symmetric solutions.
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If Fis a symmetric solution , then
exp(9o(Do + D(z) + D(£))F) = exp(05 F|t,) = exp(F 1) = f(to).
0

Thus the equation (3)

is equivalent
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This relation together with the relation

0nOp -+ 0 F =

ik
o.¢]
51---5 Z
3 3 Tieic (L") 96 0u F
m:151‘|‘"'+5m:i1+"'+ik
b+ lp=m+k—2
si, ;> 1

gives a representation

i Z N(py()(iism> 8617(51...

. - 'm
m=1sy+...4sm=iy+...+ig =i +...+if

ri4-+rm=mtk+k—2
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This representation for Jj, - - - 8;k5= ---6‘7EF

where

S1...5m 1 p S1...5m
N, — :7_/\/;1...; )
(a/4) <r1...r,,,) o(B)o(B) (71_._¢)(r1...rm)

A=Tliq...ik), A=[h... 7]
and o([p1 ... pk)) = ml..om !t for mp = |{j|p;j =i}

The proof gives also an algorithm of calculation of the constats

Naa) ( . rm) :
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Example 1 If A = [u1,...,p/], A = [fi1, . .., ;] and d = |A| = |A], then

_ d _ _o(B)p(B)
Naja) (e(A) +4(A) — 2) ~ do(A)o(D)’

where p(A) = p1---py.  For other cases Naja) (i) =0

Example 2

3 i\ _ & i i1ip PV
N i, = Ny, =— — =——=—min{i, i, i,/
e (57) = ey (0) = 2oy ™ )

. For other cases N(,-l,-z) <i1i2) =0.
i 1

i1iz
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Double Hurwitz numbers

Consider a meromorphic function ¢ : Q — C of degree d on a connected
surface Q. The preimage ¢ 1(z) of z € C consists of £(z) < d Touex.
Ramification ordering in these points form a Young diagram A, of degree
|A;| = d with a number of rows ¢(A;) = £(z). We call it topological type
of the value z.

Topological type [1,1,...,1] is called trivial. Values z € C of non-trivial
topological type are called critical values of . There are only finite number
of critical values. Values of type A =[2,1,...,1] re called simple critical
values.

A Hurwitz number H(Aq, ..., Ay) of degree d is a weighted number of
meromorphic functions of degree d, having topological types A1,...,Ag in
ponts zy, ..., 2z, and have not critical values in other points. These
numbers is don't depend from positions of z;.
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A Hurwitz number of degree d

Hd,/(A|A) = H(A7A7 [2717"'71]7'"7[2a17"'71])

/

is called double Hurwitz number.
Consider a generating function for double Hurwitz numbers:

{(A)
o8, Q,t,t) = Z ZQ" > Hay(A,A) Hu,tH,Hﬂf—
1>0 'd>1 |A|=|A|=d i=1 i=1

where A = [p1, .., pyay]s A = [, - figa))-
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Add a new variable /i and put

-+

O(h; B, Q,t,t) := R2O(hB, Q, +, +)

St| el

ﬁa
. This function has a representation

O(h; B, Q,1,1) = Y h0,(8, Q,t, 1)),

g>0

where

¢g(;67 Q7 t7E)) =

Q9 BUAYH(B)2g-2 (A) {(A)

> D X Hy say(ayogo(D: D) TT wite [ Aite
i SReg (A)THA)F28-2) 1 i

is the part of the series (3, Q, t,t)), generated by meromorphic functions
of genus g.
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In particulary

{(A)

d KO {a)
:Z Z /32(Q( I)—I ? ];[ 5/1'11'”, H 5/14%#_%')

d>1|Aj=|A|=d i=1

where HO(A, A) = H, Z(A)-M(A)—Z(A A) is the number of meromorphic
functions ¢ : C — C with topological type divisors (A, A).
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It is follow from Okounkov theorem, the function
a(t,) = e 0@ QA (05, €01 Q, 1)

is an 7-function of 2D Toda hierarchy for any 8 and Q.

The logarithm of 7,(t, t) is a solution of 2D Toda hierarchy. The
renormalisation ty — tx/h, B — kB and limit & — 0 change the solution
of full 2D Toda hierarchy to solution of dispersionless 2D Toda hierarchy.

3 3 2
F(8,Q, to,t,t) = ﬁ% % log Q + Po(B, Qe, %) = 550 + %0 log @+
{A) £(A)

(Qe)? Ho(, B) |
Z Z B2(L(A)+ (A) 2)! H(B/J’It/ii)H(/Bu’ltﬂi) (5)

d>1|A|=|A|=d i=1 i=1

These are symmetric solution for any 8 and Q. Thus they coincide with the
series from Theorem 1.
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A comparison with Theorem 1 gives
Theorem 2 Double Hurwitz numbers of genus 0 are

n...rm

. . . S51...5
where the sum is carried over all matrixces (r m) such that
1

e tm
S14 ... +sm=|A] and n+... Frm=m+L(A)+L(A)-2.

Thus the algorithm of calculation of coefficients N4 ) il T ':m)
1. tm

generate an algorithm of calculation of double Hurwitz numbers of genus 0.
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Our Examples 1 and 2 of calculations of the coefficients gives, in
particulary:

Corollary 1

The double Hurwitz numbers of polynomials are

O(Alln]) = (¢(A) —1)! N
H™(A|[n]) RN

Corollary 2
The double Hurwitz numbers of simplest Laurent polynomials are

d — min{il, i2,71,72}
(1 + 5i1l'2)(1 + 073 )

i1i

HO([ir, ]|[, 7)) = 2

These formulas were at first found by integration on communication of
moduli spaces of algebraic curves (S.Lando,D.Zvonkine 2007; |.Goulden,
D.Jackson, Vakil 2005; S.Shadrin, M.Shapiro, A.Wainshtein 2008)
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