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1. Motivations

Virasoro constraints for Gromov-Witten invariants
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Here F;'s are the generating functions of genus g Gromov-Witten
invariants
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The Virasoro operators are second order linear differential
operators of the coupling constants t*P, a=1,...,n, p>0.



The Virasoro constraints were proposed by
Eguchi, Hori, Xiong, 1997 ( modified by S. Katz, 1999)

For an arbitrary Frobenius manifold proposed by
Dubrovin, Z., 1998

Proof of the validity of Virasoro constraints
Genus zero: Liu, Tian, 1998

Genus zero and one for Frobenius manifold: Dubrovin, Z., 1998
(assume semi-simplicity for genus one case)

Genus two: Liu, 2003 (assume semi-simplicity)

General case: Givental formula 2001 & Teleman 2011 (assume
semi-simplicity)



Validity of Virasoro constraints reflects important properties of
some symmetries — the Virasoro symmetries of the underlined
integrable hierarchy of KdV type.

The KdV hierarchy: Gromov-Witten invariant of a point

The extended Toda hierarchy: Gromov-Witten invariants of CP?



For a Frobenius manifold (with a fixed calibration), one can
associate to it an integrable hierarchy of hydrodynamic type, called
the Principal Hierarchy
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Fo(t): the logarithm of a particular tau function of the hierarchy
Fg(t): Uniquely determined by Fo(t) and the Virasoro constraints
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(Dubrovin, Z. 2001)



In this talk, we study a certain deformation of the Virasoro
operators L,
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Such deformation appears naturally in the procedure of
construction of the Virasoro operators for Frobenius manifold.

We show that for these deformed Virasoro operators the genus
zero Virasoro constraints still hold true, and they are related to
Virasoro constraints of Hodge integrals.

We also study the properties of the integrable hierarchy underlined
the Hodge potentials by using these Virasoro like constraints.



2. The genus zero free energy of a Frobenius manifold

Let (M", <, >, -, e, E) be a Frobenius manifold of dimension n
(Dubrovin 1991)

flat metric <, >

multiplication on the tangent spaces
the unit vector field e

the Euler vector field E



Let v!, ..., v" be the local flat coordinates of the flat metric, then
the axioms of Frobenius manifold ensures the existence of a
potential F(v), so that
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The unity and the Euler vector field
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Quasi-homogeneity

OeF(v) = (3 — d)F(v) + quadratic terms in v



Deformed flat connection on M x C*
Vab=V,b+za-b, @%bzazbJrE-b— %ub

a system of deformed flat coordinates
(71(v,2),...,Vn(v,2)) = (01(v, 2),...,04(v, 2)) ZHZR

0o(v,z) = ZGa’p(v)zp, a=1,...,n.

p=>0

Normalization condition

< Vla(v,2),VOs(v,—z) >=1nap



The Principal Hierarchy — integrable Hamiltonian hierarchy
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with Hamiltonians

Hoa = [ B3.12(v())dx

A dense subset of the analytic solutions of the integrable hierarchy
can be obtained by the system of equations
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(Topological solution: ¢®P = §{'4)



Define functions €, .3 4 on the Frobenius manifold by
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The genus zero free energy
1 O
Fo(t) = 5 D P90, 04(v(1))
p,q>0
It has the property
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3. Virasoro constraints for Frobenius manifolds

The intersection form
g*(v) = (dv®, dv®) = ig(dv® - dvP) = E7cP(v)

gives a second flat metric (g,5) = (g*?)~! outside of the
discriminant of M. The two flat metrics yield a bihamiltonian
structure
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and the recursion operator R = Rngl. The integrable hierarchy
has the Virasoro symmetries starting from the Galilean symmetry
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Representation of the Virasoro symmetries

Flat pencil of metrics:
g — P

Periods p(v, \) defined by Gauss-Manin system
(V* — AV)dp = 0
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When the spectrum of 1 does not contain half integers, a basis

(Pr(Vi A), -, pa(vi N) = (m1(Vi ), - -, ma(vi A))A 2 HAR

of period can be given by taking Laplace type integrals to the
deformed flat coordinates ¥, (v; z)

o
Pa(v;A) = / e M (viz) —=, a=1,...,n.
0
The Gram matrix is constant

GO(B = (dpa, dpﬁ))\ = (dpa, dpﬁ) —A< dpa7 dP,B >

where
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For semi simple Frobenius manifolds, one can regularize the above
integral by considering the twisted period

p(vi\) = / e M U,(v; 2) [z
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Note the relation
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Then the Virasoro symmetries an be represented by
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Define

pY(N) = / ff e Y a R a=1,...n
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Definition of the Virasoro operators

L, = lim LW
v—0
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they satisfy
[Lf7 LJ] = (i _.j)[-f+j7 I?J 2 —1.
Genus zero Virasoro constraints
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4. Deformations of the Virasoro operators

Theorem
1. The operators LS,Z) have the expansion

[7]

LS;JJ) = Z Lm,2k V2k
k=0

2. The operators Lg,’;) (m>—1,v >0) form a Lie algebra
3. The genus zero Virasoro-like constraints hold true
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Examples of Lg,l,/):

Lm0 = the usual Virasoro operators
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In general, we have

L) = % Z apNB(r,v)a : —1—%”(% - ,u2>

ptgtr=m

p,qEZJr%,rZO

with
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Some commutation relations

n
[Lm2ks Lovo] = (m+ 1)lm-12k = 5 6™, 0%,

[Lm 2k, Loo) = m Ly ok,

[Lmoks L1,0] = (M — 1)Lmi1 2k

[72]
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The above commutation relation are important to prove the
theorem, one need to prove some identities involving the Stirling
numbers.

To prove the genus zero Virasoro-like constraints, we first prove
the validity of the constraints for the operators Lyi_1 2k by using
recursion relations for the functions Q, ;.53 4 and the definition of
the genus zero free energy. Then by using the known Virasoro
constraints for the operators L,, and the commutation relation
[L2k71,2k7 Ll,O] and [L2k,2k; L172] to prove inductively the validity of
the Virasoro-like constraints.



Remark

» The operators L1 5, L> > were derived by Eguchi, Hori, Xiong in
their Viarsoro paper, they denote them by [1,05, they also
conjectured the existence of L, forn>3. The validity of
genus zero constraints for Zl, [, was proved by Liu, Tian.

» For Gromov-Witten invariants of P!, the constraints
correspond to Loy_1 2k, Lok 2k together with the dilation
equation

thaf‘) — 27

tl 1 dtop

determine uniquely the genus zero free energy.

» The Virasoro-like constraints for higher genus free energy no
longer hold true.



5. Virasoro constraints for Hodge integrals

Genus g free energy for Hodge integrals

MHe(tis)= Y (eXw1cha®er 2 n(da))
/BEH2(X72)
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The partition function for the Hodge integrals

ZIE — 65*2?{0-&-7-[1 +e2Ho+...

satisfies (Faber, Pandharipande 2000)
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Let us denote — Sok—1 by sk, then we have
(2k)| Y

8Zg

5o, = (Lakvakleasay) Ze,  Za(t,0) = Z(t)
Sk

In what follows, we will denote the time shifted operators
Lk (t)| ;11101 simply by Ly, k.

Then we have

Ze(t;s) = eV Z(t), U= ZSkL2k 1,2k
k>1

We define the operators

Lm(s) = eU(S)L,,Loe_U(S), m> -1



Theorem

1. The operators L(s) are linear combonations of the operators
Lokt m—1.2k> Lokm—22k - - - s Lok—12k(k > 1) and Ly, 0, they
satisfy the Virasoro commutation relation

[Li(s), Li(s)] = (i = J)Livj(s)

2. The partition function of the Hodge integrals Zg satisfies the
Virasoro constraints

Lm(s)Ze =0, m> -1



Examples of the operators L,(s)

S1

L a(s)=1L- 10~ >
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Z ka _1 2) Lok + ko)~ 1.2k ko) -
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6. Hodge integrals and integrable hierarchies
Using the genus zero Virasoro like constraints, we obtain a simple
algorithm to solve the the equations
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to obtain

Ho(t; s) = Fo(t),

1
Ha(tis) = Fa(t) — 51 01" Qa0,5,0(v(t)),
He(t;s) = Fg(t) + polynomial in sy,..., s,
where the coefficients of the polynomials are rational functions of

2 _
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One then obtain a quasi-Miura transformation

uO{

0 (Ho(t;s) + EHa(tis) + ... )
N 6x6ta,o

= v% 4 rational function of v7, v/, ...

The Principal Hierarchy satisfied by v? leads to the integrable
hierarchy satisfied by u!,..., u".

When the Frobenius manifold comes from the Gromov-Witten
invariants of a smooth projective variety, the above mentioned
algorithm (to represent the Hodge potential in terms of the
Gromov-Witten potential ) do no need the semi-simplicity
condition.



Example: the target space X is a point

2
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x=t V(t) = W, Vm X

Then we have

Ho(t; s) = Fo(t)

1 1 1
Hi(t;s) = Fi(t) — 551V = oy log vy — SV
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H3(t, S) = F3 + polynomial in s, s, s3



The deformed KdV equation
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Denote u = Xu(t), then u satisfies the PDE

ou u
871‘1 = uuy + 62 ( f;x — sluXuXX>

+4 } 3 _§ 2 4 3
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The deformed KdV is a Hamiltonian system

ou

3 oH
ou e 32245
Prs <8X 518X+5518X+...>
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The Hamiltonian

H= /h(u7 Uy, Uy - - - )dX

has the density
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The normal form of the Hamiltonian system

Perform a Miura type transformation

1,
W:u+§e S1Uxx

1 3 1
4t [5513 (U2 + Uxlie) + 42512uXXXX + ﬂsf (U2 + txlioe) [+ - -

The deformed KdV is transformed to the form

ow 9 6H

oty Oxéw

~ 1 3 €2 5 et 5
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Conjecture

The integrable hierarchy that is associated to the Hodge integrals is
equivalent, up to a Miura type transformation, to the normal form
of the integrable deformation of the dispersionless KdV hierarchy

that possesses a Hamiltonian structure and tau symmetry property.

KP hierarchy for s, = 50y c2(¥1), Kazarian 2008

Deformation of KdV up to €* for special choice of s1, sp, Brini 2012

Under the same assumption on s, Buryak (2013) gave a nice
description of the deformed KdV hiearchy .



Deformation of the dispersionless KdV hierarchy

The dispersionless KdV hierarchy

ow 1
_ p
atp_p!w Wy, p=0

The KdV hierarchy is a particular deformation

ow ow N €2
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Hamiltonian deformations of the dispersionless KdV hierarchy

The dispersion KdV hierarchy is Hamiltonian

ow 0 dH, _ wPt2(x)
o _ 990 hH,= [ XX >
9t,  ox ow e / iy & P20

Hamiltonians deformations

ow 9 6H A
871“[,:&57;’ w1tth:/hp(W,WX,...)dx, p>0

Here hp, have the form (h, 4 are polynomials in wy, Wy, .. .)

1
hy = ———wPt? 4 8 hy (W, Wy, . .., w(28)
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Requirement on the deformation

» The deformed flows are commutative, i.e.

0 [Oow 0 (ow
2=y = = [ >
o () = o, () Pz

» The deformed hierarchy has the tau symmetry property

Ohp_1  Ohg_1

- >0
o, ot pP#q=

» The Hamiltonian density can be normalized to the form

w3 €

h = - ﬂao(w)wl2 +e4al(w)W22 +e6(az(W)W23+a4(W)W32)

+é (a3(w)wi + as(w)now? + ag(w)w) + ...



A conjecture on deformations of the dispersionless KdV hierarchy

Conjecture

The deformations of the dispersionless KdV hierarchy that satisfies
the above requirement if only if the functions

a1(w), ax(w), as(w), as(w), ... as coefficients of 98w are
constants, and other functions ay(w) are uniquely determined by
these constant parameters by the relations

240 a2 2376 a1 a2
UY=———, B=———""),
730 730
. 387072 a3 a, + 16721510400 a3
6 =

13547520 a2 T

Note that we can assume ag # 0, and by rescaling € we can
assume that ag = 1.



The relation between the parameters s; and a;

51 = —12031,

sy = 8294400a3 — 172840,

34398535680000 11943936000
- = a? + Z afaz — 34560a3.

53 =
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