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Painlevé equations and orthogonal polynomials: tradition

Orthogonal polynomials give rational solutions to the Painlevé
equations. Yablonskii , Vorobev, Noumi, Yamada, Okamoto, Umemura, Clarkson. . .

In Random Matrix Theory:

Fredholm determinants are special solutions of Painlevé
equations. Tracy, Widom, Adler, van Moerbeke, Its, Bleher, Borodin, Forrester

Only special solutions are related to orthogonal polynomials

This relation relies on the τ -function
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equations. Yablonskii , Vorobev, Noumi, Yamada, Okamoto, Umemura, Clarkson. . .

In Random Matrix Theory:

Fredholm determinants are special solutions of Painlevé
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Today: Fundamental link based on representation theory

Each Painlevé equation is an isomonodromic deformation
equation.

The monodromy data (modulo gauge group and symmetries)
define the monodromy manifold.

The monodromy manifold admits a Poisson bracket and can
be quantised.

These quantum algebras admit representations on the space
of Laurent polynomials.

Elements in the q–Askey scheme span eigenspaces in this
representation.
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q-Askey scheme
PAINLEVÉ EQUATIONS, CHEREDNIK ALGEBRAS AND Q-ASKEY SCHEME 7

Askey–Wilson
ZV I

ZV

Big q-Jacobi Continuous dual q–Haun

Big q–Laguerre
ZIV

Al Salam–Chihara
ZIII

Little q–Laguerre
ZII

Little q–Laguerre with a = 0
ZI

Continuous big q–Hermite

ZD7

III

Continuous q–Hermite

ZD8

III

Figure 1. The confluence scheme for the Zhedanov algebras and
the polynomials in the q-Askey scheme

Since most results obtained in this paper are proved without relying on the
theory of Painlevé equations, we organise the paper as follows: in Section 2, we
recall some background material on the theory of the Cherednik algebra of type
Č1C1 and its representation theory. In Section 3, we prove Theorem 1.1. In Sec-
tion 4, we explain how to derive our confluent Cherednik algebras and give some
equivalent presentations for the algebras HV , HIV , HIII . In Section 5, we embed
HV , HIV , HIII , HII , HI into Mat(2, Tq). In Section 6, we discuss the spherical

sub–algebras of HV , HIV , HIII , HD7

III , HD8

III , and produce a set of elements that sat-
isfy a cubic relation which in the semiclassical limit coincide with the monodromy
manifolds of the corresponding Painlevé equations. In Section 7, we prove that each
spherical sub-algebra is isomorphic to the corresponding confluent Zhedanov algebra
and show that the latter act as symmetries of some elements of the q-Askey scheme.
Finally, in Section 8, we recall a few basic facts about the isomonodromic deforma-
tion equations associated to the sixth Painlevé equation and show how Cherednik
algebra of type Č1C1 appears naturally as quantisation of the monodromy group
associated to the sixth Painlevé equation.

2. Notation and background on the Cherednik algebra of type Č1C1

In this section we recall some background material on the theory of the Cherednik
algebra of type Č1C1, a few useful facts about its basic representation and about

M.M. arXiv:1307.6140
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Other results

The monodromy group of PVI admits a natural quantisation to
the Cherednik algebra H of type Č1C1.

The monodromy manifold of PVI quantises to the spherical
subalgebra of H.

We obtain 7 new algebras as confluences such that their spherical
subalgebra is the quantisation of the monodromy manifold of each
Painlevé equation.

M.M. arXiv:1307.6140
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Cherednik algebra of type Č1C1

Algebra generated by V0,V1, V̌0, V̌1:

(V0 − k0)(V0 + k−1
0 ) = 0

(V1 − k1)(V1 + k−1
1 ) = 0

(V̌0 − u0)(V̌0 + u−1
0 ) = 0

(V̌1 − u1)(V̌1 + u−1
1 ) = 0

V̌1V1V0V̌0 = q−1/2,

k0, k1, u0, u1 constants.
Cherednik ’92, Sahi ’99
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Zhedanov algebra:

generated by: e = 1+V̌1

1+u2
1

,

X1 = 1+V̌1

1+u2
1

(
V̌1V1 + (V̌1V1)−1

)
,

X2 = 1+V̌1

1+u2
1

(
V̌1V0 + (V̌1V0)−1

)
,

X3 = 1+V̌1

1+u2
1

(
q1/2V1V0 + q−1/2(V1V0)−1

)
q−1/2X1X2 − q1/2X2X1 = (q−1 − q)X3 + (q−1/2 − q1/2)ω3

1+V̌1

1+u2
1

q−1/2X2X3 − q1/2X3X2 = (q−1 − q)X1 + (q−1/2 − q1/2)ω1
1+V̌1

1+u2
1

q−1/2X3X1 − q1/2X1X3 = (q−1 − q)X2 + (q−1/2 − q1/2)ω2
1+V̌1

1+u2
1

q
1
2X2X1X3−qX 2

2−q−1X 2
1−qX 2

3 +q
1
2ω2X2+q−

1
2ω1X1+q

1
2ω3X3 = ω4.

Zhedanov ’91, Oblomkov ’04
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Representation theory:

Cherednik algebra on Laurent polynomials

V1[f ] =
z
[
u1z2− 1

u1
+
(
k1− 1

k1

)
z
]

z2−1
f
(

1
z

)
−

z
(
u1− 1

u1

)
+k1− 1

k1

z2−1
f (z)

V0[f ] =
qk0− z2

k0
+
√
q
(
u0− 1

u0

)
z

z2−1
f
(q
z

)
−

z
[(

k0− 1
k0

)
+
√
q
(
u0− 1

u0

)]
z2−1

f (z)

The operator 1+V̌1

1+u2
1

acts as symmetrizer ⇒ representation of the

Zhedanov algebra on symmetric Laurent polynomials.
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Zhedanov algebra and Askey Wilson polynomials

rϕr−1

(
a1, a2, . . . , ar
b1, . . . , br−1

; q, x

)
:=
∑∞

k=0
(a1,a2,...,ar ;q)k
(b1,...,br−1;q)k

xk

(a; q)k := Πk−1
j=0 (1− a qj)

(a1, . . . , ar ; q)k := (a1; q)k(a2; q)k · · · (ar ; q)k

Askey-Wilson polynomials:

pn (z ; a, b, c , d | q) := 4ϕ3

(
q−n, qn−1abcd , az , az−1

ab, ac, ad
; q, q

)

X1 (pn(z , a, b, c , d |q)) = (z + 1
z )pn(z , a, b, c , d |q),

X2 (pn(z , a, b, c , d |q)) = (q−n + abcdqn−1) (pn(z , a, b, c , d |q)) .
Koornwinder ’07
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Sixth Painlevé equation

ytt =
1

2

(
1

y
+

1

y − 1
+

1

y − t

)
y2
t −

(
1

t
+

1

t − 1
+

1

y − t

)
yt +

+
y(y − 1)(y − t)

t2(t − 1)2

[
α + β

t

y2
+ γ

t − 1

(y − 1)2
+ δ

t(t − 1)

(y − t)2

]
.

Singular points at 0, 1,∞.
Parameters α, β, γ, δ.
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PVI as isomonodromic deformations

d

dλ
Y =

3∑
k=1

Ak

λ− ak
Y , λ ∈ C\{a1, a2, a3}

A1,A2,A3 ∈ sl(2,C),
∑3

k=1 Ak = −A∞, diagonal.

• Fundamental matrix: Y∞(λ) =
(
1 + O( 1

λ)
)
λ−A∞

• Monodromy matrices: γi (Y∞) = Y∞Mi

eigenv(Mi ) = exp(±i pi ), i = 1, 2, 3,∞,

M∞M1M2M3 = 1.
Jimbo, Miwa ’81
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Cherednik algebra as quantisation of the PVI monodromy
group

(V0 − k0)(V0 + k−1
0 ) = 0, (M3 − e i p3)(M3 − e−i p3) = 0,

(V1 − k1)(V1 + k−1
1 ) = 0, (M2 − e i p2)(M2 − e−i p2) = 0,

(V̌1 − u1)(V̌1 + u−1
1 ) = 0, (M1 − e i p1)(M1 − e−i p1) = 0,

(V̌0 − u0)(V̌0 + u−1
0 ) = 0, (M∞ − e i p∞)(M∞ − e−i p∞) = 0,

V̌1V1V0V̌0 = q−1/2, M∞M3M2M1 = 1.

There is a natural quantisation which works.
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Monodromy manifold for PVI

Riemann Hilbert correspondence: ∀(M1,M2,M3)/Mat2(C)
there exists a unique local solution to PVI.
We can describe the monodromy manifold by

x1x2x3 + x2
1 + x2

2 + x2
3 + ω1x1 + ω2x2 + ω3x3 = ω4.

where
xi := Tr(MjMk), i , j , k = 1, 2, 3, k , j 6= i .

This cubic is the moduli space of monodromy representations:

ρ : π1(P1 \ {0, t, 1,∞})→ SL2(C).

Jimbo ’81, Iwasaki ’03
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Monodromy manifold and Zhedanov algebra

ϕ := x1x2x3 + x2
1 + x2

2 + x2
3 + ω1x1 + ω2x2 + ω3x3 − ω4,

defines a natural Poisson bracket:

{x1, x2} =
∂ϕ

∂x3
, {x2, x3} =

∂ϕ

∂x1
, {x3, x1} =

∂ϕ

∂x2
.

This looks a lot like the classical version of the Zhedanov algebra:

q−1/2X1X2 − q1/2X2X1 = (q−1 − q)X3 + (q−1/2 − q1/2)ω3
1+V̌1

1+u2
1

....cyclic...

q
1
2X2X1X3−qX 2

2−q−1X 2
1−qX 2

3 +q
1
2ω2X2+q−

1
2ω1X1+q

1
2ω3X3 = ω4.
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Teichmüller space of a Riemann sphere with 4 singularities

Interpret each xi as a geodesic length:

x1 = es2+s3 +e−s2−s3 +e−s2+s3 +(e
p2
2 +e−

p2
2 )es3 +(e

p3
2 +e−

p3
2 )e−s2

x2 = es3+s1 +e−s3−s1 +e−s3+s1 +(e
p3
2 +e−

p3
2 )es1 +(e

p1
2 +e−

p1
2 )e−s3

x3 = es1+s2 +e−s1−s2 +e−s1+s2 +(e
p1
2 +e−

p1
2 )es2 +(e

p2
2 +e−

p2
2 )e−s1

they satisfy the cubic relation for PVI:

x1x2x3 + x2
1 + x2

2 + x2
3 + ω1x1 + ω2x2 + ω3x3 = ω4.

The Goldman bracket {s1, s2} = {s2, s3} = {s3, s1} = 1 gives rise
to the correct Poisson bracket on it (L. Chekhov and M.M. J.Phys A 2010).
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Quantisation:
si → quantum operator s~i with commutation relation

[s~i , s
~
j ] = iπ~{si , sj}.

⇒ Weyl ordering:

exp
(
as~i

)
exp

(
bs~j

)
= exp

(
as~i + bs~i +

ab

2
[s~i , s

~
j ]

)
,

Quantum algebra:

q−1/2x~1 x
~
2 − q1/2x~2 x

~
1 = (q−1 − q)x~3 + (q−1/2 − q1/2)ω3

q−1/2x~2 x
~
3 − q1/2x~3 x

~
2 = (q−1 − q)x~1 + (q−1/2 − q1/2)ω1

q−1/2x~3 x
~
1 − q1/2x~1 x

~
3 = (q−1 − q)x~2 + (q−1/2 − q1/2)ω2

(L. Chekhov and M.M. J.Phys A 2010).
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Quantise the monodromy matrices: each monodromy matrix
corresponds to a half–geodesic on our Riemann surface.

Quantise them in the same way: we obtain the Cherednik algebra
of type Č1C1 (M.M. (2013))

M1 → i V̌1, M2 → iV1, M3 → iV0, M∞ → i V̌0.
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V0 =

(
k0 − k−1

0 − ie−s3 −i e−s3

k−1
0 − k0 + i e−s3 + i es3 i e−s3

)
,

V1 =

(
k1 − k−1

1 − i es2 k1 − k−1
1 − i e−s2 − i es2

i es2 i es2

)
,

V̌1 =

(
0 − ies1

i e−s1 u1 − u−1
1

)
, V̌0 =

(
u0 0
s − 1

u0

)
,

Embedding of the Cherednik algebra of type Č1C1 into Mat(2,Tq).
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Monodromy manifolds for the Painlevé equations

PVI x1x2x3 + x2
1 + x2

2 + x2
3 + ω1x1 + ω2x2 + ω3x3 = ω4

PV x1x2x3 + x2
1 + x2

2 + ω1x1 + ω2x2 + ω3x3 = ω4

PIV x1x2x3 + x2
1 + ω1x1 + ω2x2 + ω2x3 + 1 = ω4

PIII x1x2x3 + x2
1 + x2

2 + ω1x1 + ω2x2 = ω1 − 1

PII x1x2x3 + x1 + x2 + x3 = ω4

PI x1x2x3 + x1 + x2 + 1 = 0

Saito and van der Put
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The confluence from PVI to PV is realised by

s3 → s3 − log[ε], p3 → p3 − 2 log[ε], ε→ 0

x1 = −es2+s3 − e−s2+s3 − (e
p2
2 + e−

p2
2 )es3 − e

p3
2 e−s2

x2 = −es3+s1 − e
p3
2 es1 ,

x3 = −es1+s2−e−s1−s2−e−s1+s2−(e
p1
2 +e−

p1
2 )es2−(e

p2
2 +e−

p2
2 )e−s1

x1x2x3 + x2
1 + x2

2 + ω1x1 + ω2x2 + ω3x3 = ω4

Quantum PV algebra:

q−1/2x~1 x
~
2 − q1/2x~2 x

~
1 = (q−1/2 − q1/2)ω3

q−1/2x~2 x
~
3 − q1/2x~3 x

~
2 = (q−1 − q)x~1 + (q−1/2 − q1/2)ω1

q−1/2x~3 x
~
1 − q1/2x~1 x

~
3 = (q−1 − q)x~2 + (q−1/2 − q1/2)ω2

M.M. and V.Rubtsov arXiv:1212.6723
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V0 =

(
−1 0

1 + i eS3 0

)
, V 2

0 + V0 = 0

V1 =

(
k1 − k−1

1 − i eS2 k1 − k−1
1 − i e−S2 − i eS2

i eS2 i eS2

)
,

V̌1 =

(
0 − ieS1

i e−S1 u1 − u−1
1

)
,

V̌0 =

(
0 0
s − 1

u0

)
, V̌0

2
+ u−1

0 V̌0 = 0

q1/2V̌1V1V0 = V̌0 + u−1
0 ,

q1/2V̌0V̌1V1 = V0 + 1.
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From the PIV cubic: From the PII cubic: From the PI cubic:

V 2
0 + V0 = 0, V 2

0 + V0 = 0, V 2
0 = 0,

(V1 − k1)(V1 + k−1
1 ) = 0, V 2

1 + V1 = 0, V 2
1 + V1 = 0,

V̌1
2

+ u−1
1 V̌1 = 0, V̌1

2
+ u−1

1 V̌1 = 0, V̌1
2

+ V̌1 = 0,

V̌0
2

+ V̌0 = 0, V̌0
2

+ V̌0 = 0, V̌0
2

+ V̌0 = 0,

q1/2V̌1V1V0 = V̌0 + 1, q1/2V̌1V1V0 = V̌0 + 1, q1/2V̌1V1V0 = V̌0 + 1,

V̌0V̌1 = 0, V̌0V̌1 = 0, V̌0V̌1 = 0,

V0V̌0 = 0, V0V̌0 = 0, V0V̌0 = 0,
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Conclusion

For each confluent Cherednik algebra, the spherical
sub–algebra tends to the corresponding Painlevé cubic.

Elements in the q–Askey scheme span eigenspaces in the
representation of the spherical sub-algebra on the space of
Laurent polynomials.

It may be easier to study representations on the space of Laurent
polynomials rather than C2!.
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