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Painlevé equations and orthogonal polynomials: tradition

@ Orthogonal polynomials give rational solutions to the Painlevé
€q Uations. Yablonskii , Vorobev, Noumi, Yamada, Okamoto, Umemura, Clarkson. . .
@ In Random Matrix Theory:

e Fredholm determinants are special solutions of Painlevé
€q Uations. Tracy, Widom, Adler, van Moerbeke, Its, Bleher, Borodin, Forrester

Only special solutions are related to orthogonal polynomials

This relation relies on the 7-function
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: Fundamental link based on representation theory

@ Each Painlevé equation is an isomonodromic deformation
equation.

@ The monodromy data (modulo gauge group and symmetries)
define the monodromy manifold.

@ The monodromy manifold admits a Poisson bracket and can
be quantised.

@ These quantum algebras admit representations on the space
of Laurent polynomials.

@ Elements in the g—Askey scheme span eigenspaces in this
representation.
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g-Askey scheme

Askey—Wilson
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M.M. arXiv:1307.6140
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Other results

The monodromy group of PVI admits a natural quantisation to
the Cherednik algebra A of type C;C;.

The monodromy manifold of PVI quantises to the spherical
subalgebra of H.

We obtain 7 new algebras as confluences such that their spherical
subalgebra is the quantisation of the monodromy manifold of each

Painlevé equation.

M.M. arXiv:1307.6140
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Cherednik algebra of type C;C;

Algebra generated by Vg, V4, V, Vi:

(Vo — ko)(Vo+ ky1) =0
(Vi —k)(Vi+kH =0
(Vo — u)(Vo+ugt) =0
(Vi —um)(Vi+ut)=0

ko, k1, ug, Uy constants.

Cherednik '92, Sahi '99
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Zhedanov algebra:

generated by: e = iixg
1
Vi (\7 v _
X = iiu} (ViVi + (Viva)7Y),
X =Tt (ViVo + (ViVo) ),
X3 = iy% (q1/2 ViVo + q71/2(\/1 Vo)fl)

q2X0 X — qH2Xe Xy = (a7 — @)X + (g2 — ¢ P)ws T

G2 Xo X5 — g2 XaXo = (g7 — @)Xu + (g2 — ) T

q—1/2X3X1 —_ q1/2X1X3 e (q_l _ q)X2 + (q—1/2 _ q1/2)w2 ]iix%l

1 1 1 1
G2 Xo X1 X3— X3 —q 1 X2 —qX3+q2waXo+q 2w Xi+q2w3Xs = ws.

Zhedanov '91, Oblomkov '04
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Representation theory:

Cherednik algebra on Laurent polynomials

A3 e G ok P Y O G o 0

z2—1 z z2—1

Vo[f] = qko—%—&-\/a(uo—%)zf (g) _ [(ko_i)—hf(uo_%)] f(z)

z2—1 z2—1

1+
Zhedanov algebra on symmetric Laurent polynomials.
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Zhedanov algebra and Askey Wilson polynomials

di,d2,...,dar ) al,a2a -ar; q) k
I‘SOI‘—]. < bl, . br—l ,q,X) Zk =0 (bl, o r 1, q) X
(3;9)k = I'Ik 1(1 —aq)

(a1, ---5ar @)k = (a1 @)k(a2; @)k - -~ (ar; )k

Askey-Wilson polynomials:

"labcd,az,az"l
ab, ac, ad 9.9

—n
pn(z;a,b,c,d | q) :=4<p3< 7549
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Zhedanov algebra and Askey Wilson polynomials

d1,d82,...,dr | 31’32’ 5arQ)k Uk
r@r—l( b, ... b1 ,q,x) > ko (b1, br—1:0)k <
(3;9)k = I'I (1—aq’)
(a1, .-+, ar @)k = (a1; @)x(a2: @)k - - - (ar: @)«

Askey-Wilson polynomials:

_ o g~ ", q" labcd, az,az"! _
pn(Z,a,b,C,d‘q)-—4€03< ab,aC,ad 14,4

Xl (pn(za a, b: c, d‘q)) = (Z + %)pn(z7 a, b7 ¢, d‘q)v
Xa (pn(z,a,b,c,d|q)) = (q~" + abcdq" 1) (pn(z,a, b, c, d|q)) .

Koornwinder '07
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Sixth Painlevé equation

S (T I T 7 N P
Yee = 2\y Ty -1yt Yt t -1 y—¢ Yt
yly -1y -1 t t—1 t(t—1)
M G R A e A v
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Sixth Painlevé equation

_11+1+1271+1+1 N
Yee = 2\y Ty -1yt Yt P 7}/_ Yt

yly -1y —1t) [a+5yt2+7

+ t2(t —1)2

(y=12 (y-—t

Singular points at 0, 1, cc.
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Sixth Painlevé equation

_11+1+1 21+1+1 N
.ytt—2y y—1 y—¢ Yt t -1 y— Yt

yly -1y —1t) [a+5yt2+7

+ t2(t —1)2

(y=12 (y-—t

Singular points at 0, 1, cc.
Parameters «, 3,7, 9.
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PVI as isomonodromic deformations

d A
d)\Y:kZ_:l/\—ak Y, )\EC\{al,ag,a3}

A1, Az, As € sl(2,C), S Ax = —As, diagonal.
e Fundamental matrix: Yoo(A) = (1+ O(3)) A=

e Monodromy matrices: 7i(Ys) = Yoo M

eigenv(M;) = exp(£ip;), i=1,2,3, 00,

Moo My Mo Ms = 1.

Jimbo, Miwa '81
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Cherednik algebra as quantisation of the PVl monodromy

(Vo —ko)(Mo+ k5 ) =0, (Ms—e'P)(Ms—e'P) =0
(Vi —ki)(Vi+k 7)=0, (My—e'P)(My;—e "P)=0
(vl—ul)(V1+uf ):0, (Ml—e’Pl)(Ml—e_”’l):O,
(Vo—uo)(VO+u()_1)—0, (Myo — €'P=)(My — 7 P=) =0,
ViViVoVp = g7 1/2, Moo MsMo My = 1
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Cherednik algebra as quantisation of the PVl monodromy

(Vo—ko)(Vo+ k') =0,  (Ms—e'P3)(Ms — e 7P2) =0

(Vi — k) (Vi +k{H) =0, (My—e'P)(My—e P)=0

(Vi —u))(Vi +u;t) =0, (My—eP)(My —e P1)=0

(Vo—uo)(VO+u()_1)—0, (Ms — €'P*)(Myo — e 'P>) =0
ViVi VoV = g~ V2, Moo M3 Mo My = 1

There is a natural quantisation which works.
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Monodromy manifold for PVI

Riemann Hilbert correspondence: V(M;, M, M3)/Maty(C)
there exists a unique local solution to PVI.
We can describe the monodromy manifold by

X1XoX3 + Xf + X22 + X32 + wi1X1 + WoXxo + W3X3 = Wwa.

where
Xj = TI'(MJMk)y i7j7 k = 172737 kv./ # I

This cubic is the moduli space of monodromy representations:
p:m(PP\ {0,t,1,00}) — SLy(C).

Jimbo '81, Iwasaki '03
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Monodromy manifold and Zhedanov algebra

} 2 2 2
@ = Xx1X0x3 + X{ + X5 + X3 + wiX) + waXo + w3x3z — Wy,
defines a natural Poisson bracket:

_ 9% _ 9% _ 9%
{X17X2} = 8X3’ {X27X3} - axla {X37X1} - 8X2'

This looks a lot like the classical version of the Zhedanov algebra:
q’1/2X1X2 _ ql/2)<2)<1 — (qfl _ q)X3 + (qfl /2 _ 1/2)w 1121/1

...cyclic...

q%X2X1X3*CIX22*q_1X12*qX3,2+q%w2X2+q_%w1X1+q%w3X3 = ws.
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Teichmuiller space of a Riemann sphere with 4 singularities

Interpret each x; as a geodesic length:
P p
X1 = e2tN f e S L et (¢F 4o 7 )eB4(e2 46 2
Xop = eSS L eSS f o7 (e 4o 3 )eSt +(e2 fe 2 )eSs
X3 = et fe S o TR 4 (6% 4o 2 )Rt (67 e 7
they satisfy the cubic relation for PVI:

X1X2X3 + x12 + x22 + x§ + wi1Xx1 + waxo + w3X3 = wsg.

The Goldman bracket {s1, s} = {s2,53} = {s3,51} = 1 gives rise
to the correct Poisson bracket on it (L. chekhov and M.M. J.Phys A 2010).
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Quantisation:
S; — quantum operator sf’ with commutation relation

[sh sf] = ith{s;,s;}.

= Weyl ordering:
ex h bsh) — h ho, dben o n
p(as;')exp (bs;') = exp | as;' + bs;' + 5 [si',s;'] )

Quantum algebra:

gV — K = (g7 = @)+ (07— ¢ )ws
gV — g = (a7 = @) + (072 = ¢
gV — P = (g = @)X + (a7 = ¢ )w

(L. Chekhov and M.M. J.Phys A 2010).
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Quantise the monodromy matrices: each monodromy matrix
corresponds to a half-geodesic on our Riemann surface.

Quantise them in the same way: we obtain the Cherednik algebra
of type C1Cy (M.M. (2013))

M; — i\71, My, — i\/l, M3 — I'V()7 MOO — i\70.

Marta Mazzocco



Vo ko — kgt — ie™ —je "
07\ kl—kot+ieS+ies je s )’
-1 P A2 -1 FA—S2 i AS2
Vi — ki — ki~ —ie ki — ki~ —ie 2 —je
1= i e ie% ’

v 0 — je! v up 0
Vlz(-sl o1 ) Vo = s _1 )
/1e up Ul o

Embedding of the Cherednik algebra of type C; C; into Mat(2,Tq).
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Monodromy manifolds for the Painlevé equations

PVl xixax3 + X2 + X3 + X3 + wix1 + waxa + w3xg = wa

PV X1X2X3 + X12 + X22 + w1Xx1 + woaxs + w3Xx3 = wa
PIV X1XoX3 + x12 + wix1 + woxo + woxz + 1 = wa
Pl x1X0X3 + X2 + X3 4+ wix1 + waxo = wy — 1
Pl X1X0X3 + X1 + Xo + X3 = wa
Pl x1x0x3+x1+x+1=0

Saito and van der Put
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The confluence from PVI to PV is realised by

S3 —> 53 — |Og[€], p3 — p3 — 2 Iog[e], e—0
P2 P2 P3
xp = —e2FB e nt% _ (e f e 7 )eM —e2e
P3
Xp = —_eS3ts _ g3 e51’
P1 P1 P2 P2
x3=—e1tR_g 172 _e"S1t92_(e2 4e 2 )eR—(e2 +e 2 )e %

X1X2X3 + X12 + X22 + wiX1 + waXxo + w3Xx3 = wy
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The confluence from PVI to PV is realised by

S3 —> 53 — |Og[€], p3 — p3 — 2 Iog[e], e—0
P2 P2 P3
xp = —e2FB e nt% _ (e f e 7 )eM —e2e
P3
Xp = —_eS3ts _ g3 651’
P1 P1 P2 P2
x3=—e1tR_g 172 _e"S1t92_(e2 4e 2 )eR—(e2 +e 2 )e %

X1X2X3 + X12 + X22 + wiX1 + waXxo + w3Xx3 = wy
Quantum PV algebra:

TV — g P = (7P = g1 )ws

q =
gV — g = (a7 = @)X+ (02— ¢P)w
g VAN — g = (g = @)X + (a7 = ¢ )w

M.M. and V.Rubtsov arXiv:1212.6723
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B -1 0 ) B
V0_<1—|—ie53 0>’ Yo+ Vo=0
y ki — kit —ie® kg —kit—ie 2 —je%
1= ie> ie> ’
v 0 — e
" ie S uy—ut )
v O 0 v o v
vo—(s _1>, Vo + ug Vo = 0
up

q"PViViVe = Vo + g,
q1/2\70\71\/1 =V + 1
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From the PIV cubic: From the PII cubic: From the PI cubic:

V¢ + Vo =0, VE 4+ Vo =0, V§ =0,
(Vi —ki))(Vi + k1) =0, V24 V) =0, VZ+ V=0,
Vi + utVp =0, V2 uytVi =0, Vi 4+ V=0,
Voo + V = 0, Voo + V= 0, Voo + V= 0,
QPViviVo = Vo +1, ¢2PViViVo=Vo+1, ¢"2ViViVo= Vo +
Vo4 =0, Vo4 =0, VoVi =0,
VoVo =0, VoVo =0, VoVo =0,
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Conclusion
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Conclusion

@ For each confluent Cherednik algebra, the spherical
sub—algebra tends to the corresponding Painlevé cubic.

@ Elements in the g—Askey scheme span eigenspaces in the
representation of the spherical sub-algebra on the space of
Laurent polynomials.

It may be easier to study representations on the space of Laurent
polynomials rather than C?!.

Marta Mazzocco
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