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Plan of the talk (joint work with Marco Bertola)

• The Baik-Ben Arous-Peché distribution and Baik’s formula.

• More examples: the Airy process with two sets of parameters and the
Pearcey process with inliers.

• The general setting leading to Darboux transformations, general Baik’s
formula.

• Some examples

• Open questions.
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Direct percolation and the Tracy–Widom distribution
ω P p1, 1q Õ pN,Mq

M

N

For any pi, jq assign Xpi, jq exponential random variable of
mean 1{M (density function � M expp�Mxq, x ¥ 0).

LpN,Mq :� max
ωPp1,1qÕpN,Mq

¸
pi,jqPω

Xpi, jq;

Connection with Random Matrices (Johansson, 2000)

PpLpN,Mq ¤ sq � Ppλmax ¤ sq
λmax the largest eigenvalue of a random matrix taken from

the complex Wishart ensemble

ó pγ :�
a

M{N ¥ 1, M ÞÝÑ 8q

P

��
LpN,Mq �

�
1� γ

γ


2
�

γM2{3

p1� γq4{3
¤ s

�
ÝÑ FTWpsq :� detp1� KAiχrs,8qq

FTWpsq � exp
�
�
» 8

s
px � sqqpxq2dx

	

q2psq � 2q3psq � sqpsq, qpsq � e�
2
3 s

3
2 pD!q

(Tracy–Widom, 1993.)
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A natural deformation: what if few columns slow down the percolation?

r

M
ω P p1, 1q Õ pN,Mq

1 2 N

Take ti1, i2, . . . , iru � t1, . . . ,Nu, Xpik,jq exponential random
variable of mean `k{M, k � 1, . . . , r.

If `i   1� γ�1 @i � k1, . . . , kr, (Peché, 2003)

P

��
LpN,Mq �

�
1� γ

γ


2
�

γM2{3

p1� γq4{3
¤ s

�
ÝÑ FTWpsq

Theorem (Baik–Ben Arous–Peché, 2005)

`j :� 1� γ�1 � p1� γq2{3bj

γM1{3
, j � k1, . . . , kr;

ó

P

��
LpN,Mq �

�
1� γ

γ


2
�

γM2{3

p1� γq4{3
¤ s

�
ÝÑ FBBPps; b1, . . . , brq

Applications to RMT (Wishart ensemble), Dyson Brownian motions, percolations,
TASEP, KPZ ...
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`j :� 1� γ�1 � p1� γq2{3bj

γM1{3
, j � k1, . . . , kr;

ó

P

��
LpN,Mq �

�
1� γ

γ


2
�

γM2{3

p1� γq4{3
¤ s

�
ÝÑ FBBPps; b1, . . . , brq

Applications to RMT (Wishart ensemble), Dyson Brownian motions, percolations,
TASEP, KPZ ...



The BBP-distribution More examples The general setting Connections with KP hierarchy Open questions

The Baik–Ben Arous– Peché distribution

FBBPps; b1, . . . brq :� detpI�Kp
~bq

BBPχrs,8qq � 1�
8̧

k�1

p�1qk

k!

»
rs,8qk

det
�

Kp
~bq

BBPpxi, xjq
	k

i,j�1
dx1 . . . dxk

Kp
~bq

BBPpx, yq :� 1
p2πiq2

»
γL

dw
»
γR

dz
e

z3
3 �

w3
3 �zx�wy

w� z

r¹
k�1

�
z� bk

w� bk



.

~b

γL

γR

What about Tracy–Widom type
result?
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The Riemann–Hilbert problem for the Hasting-McLeod solution of PII

Find the sectionally analytic function Γpλq P GLp2,Cq on C{ tγR Y γLu s. t.$'''''&
'''''%

Γ�pλq � Γ�pλq

�
�� 1 �e

λ3
3 �sλχγR

�e�
λ3
3 �sλχγL 1

�
��

Γpλq � 1� Γ1λ
�1 � Opλ�1q, λÑ8; Γ1 � ppsqσ3 � iqpsqσ2 .

ó Ψps;λq :� Γps;λq exp
�
λ3{6� s{2

	
σ3 solves

$&
%

BsΨps;λq � Ups;λqΨps;λq

BλΨps;λq � Vps;λqΨps;λq
ùñ BsV � BλU � rV,Us

ùñ q :� pΓ1q1,2 satisfies

q2psq � 2q3psq � sqpsq, qpsq � e�
2
3 s

3
2
; s Ñ �8.

Hasting–McLeod solution of PII
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A Painlevé like formula for FBBPps,~bq

Given FBBPps;~bq :� detpI� Kp~bq
BBPχrs,8qq with

Kp~bq
BBPpx, yq :�

1
p2πiq2

»
γL

dw
»
γR

dz
e

z3
3 �

w3
3 �zx�wy

w� z

r¹
k�1

�
z� bk

w� bk



, we have

FBBPps;~bq � FTWpsq
det
�
p�Bs � bjq

`�1ppbjq
	r

`,j�1

∆p~bq
, pBaik, 2005q

Baik’s approach: Orthogonal polynomials on the unit circle and Toeplitz
determinants

Aim : giving an interpretation of this formula in terms of Darboux
transformations for a given integrable system.

Besides, there are other examples of similar kernels obtained from “classical
ones” adding some rational deformations (see below): we will see that a
similar formula apply also to these cases.
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A Painlevé like formula for FBBPps,~bq

Given FBBPps;~bq :� detpI� Kp~bq
BBPχrs,8qq with

Kp~bq
BBPpx, yq :�

1
p2πiq2

»
γL

dw
»
γR

dz
e

z3
3 �

w3
3 �zx�wy

w� z

r¹
k�1

�
z� bk

w� bk



, we have

FBBPps;~bq � FTWpsq
det
�
p�Bs � bjq

`�1ppbjq
	r

`,j�1

∆p~bq
, pBaik, 2005q

Baik’s approach: Orthogonal polynomials on the unit circle and Toeplitz
determinants

Aim : giving an interpretation of this formula in terms of Darboux
transformations for a given integrable system.

Besides, there are other examples of similar kernels obtained from “classical
ones” adding some rational deformations (see below): we will see that a
similar formula apply also to these cases.



The BBP-distribution More examples The general setting Connections with KP hierarchy Open questions
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The Airy kernel with two sets of parameters I

q

M
ω P p1, 1q Õ pN,Mq

1 2 Nr

1

Now take$&
%

ti1, i2, . . . , iru � t1, . . . ,Nu,

tj1, j2, . . . , jqu � t1, . . . ,Mu,
Xpik,jtq exponential random variable of mean
p`k � mtq{M, k � 1, . . . , r; t � 1, . . . , q.$''&

''%
`j :� 1� γ�1 � p1� γq2{3bj

γM1{3
, j � k1, . . . , kr;

mt :� 1� γ�1 � p1� γq2{3at

γM1{3
, t � s1, . . . , sq.

Theorem (Borodin–Peché, 2008) [also multi–time case]

P

��
LpN,Mq �

�
1� γ

γ


2
�

γM2{3

p1� γq4{3
¤ s

�
ÝÑ FAips;~a;~bq � detpI� Kp~a,

~bq
Ai χrs,8qq

Kp~a,
~bq

Ai px, yq :� 1
p2πiq2

»
γL

dw
»
γR

dz
e

z3
3 �

w3
3 �zx�wy

w� z

r¹
k�1

�
z� bk

w� bk


 q¹
j�1

�
w� aj

z� aj



.
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The Airy kernel with two sets of parameters II

x�0

px0, t0q

N Ñ 8

t

t � 1

t � �1 x�0
x�0 p1� biN�1{3q

x�0 p1� aiN�1{3q

N non–intersecting
Brownian particles tλiptqu
with transition probability

ppx, y; tq :� 1?
2πt

e�
px�yq2

2t

Theorem (Adler–Ferrari–van Moerbeke, 2010) [also multi–time and multi–interval
cases]

lim
NÑ8

P

�
λmaxpt0q   x0

�
1� s

2N2{3


�
� FAips;~a;~bq

Kp~a,
~bq

Ai px, yq :�
1

p2πiq2

»
γL

dw
»
γR

dz
e

z3
3 �

w3
3 �zx�wy

w� z

r¹
k�1

�
z� bk

w� bk


 q¹
j�1

�
w� aj

z� aj



.

~a

γL

γR

~b
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�
1� s
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�
� FAips;~a;~bq

Kp~a,
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Ai px, yq :�
1

p2πiq2

»
γL

dw
»
γR
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e

z3
3 �

w3
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k�1

�
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w� bk


 q¹
j�1

�
w� aj

z� aj



.

~a

γL

γR

~b
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The Pearcey kernel with inliers

bipN{2q1{4

t � 1{2

t � 1

x

# of particlesN/2 N/2

N Ñ 8

-
a

N{2
a

N{2

t

iR

γL γR
~b

lim
NÑ8

P
�

xi

�
1
2
� τ

4
?

2N



R E

4pN{2q1{4
; i � 1, . . . ,N



� det

�
I� Kp

~bq
P χE

	

Kp
~bq

P px, yq :� 1
p2πiq2

»
iR
dw
»
γ
dz

eθτ px;zq�θτ py;wq

w� z

r¹
k�1

�
w� bk

z� bk



; θτ px; zq :� z4

4
� τ

z2

2
� xz.

(Adler–Delépine–van Moerbeke–Vanhaecke, 2011)
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The general problem

Given a kernel of type

Kp~a,
~bqpx, yq :� 1

p2πiq2

»
γ2

dw
»
γ1

dz
eθpx;zq�θpy;wq

w� z

r¹
k�1

�
z� bk

w� bk


 q¹
k�1

�
w� ak

z� ak



.

such that
1. θpx; zq is a polynomial in z linear in x; more precisely θpx; zq � θp0; zq � xz.

2. γ1 and γ2 are oriented contours s. t. the integrand is convergent, γ1 X γ2 � H
3. γ2 can be deformed to the imaginary axes.

4. . . .

We want to find a “Riemann–Hilbert” like expression for
Fp~a,~bqp~sq
FHp~sq ; where

Fp~a,
~bqp~sq :� detpI� Kp~a,

~bqχEq :� 1�
8̧

k�1

p�1qk
»

Ik
det
�

Kp~a,
~bqpxi, xjq

	k

i,j�1
dx1 . . . dxk,

E is a (multi)–interval with endpoints~s :� tsi, i � 1, . . . ,Nu,
~a :� tai, i � 1, . . . , qu, ~b :� tbi, i � 1, . . . ru are two sets of (real) parameters.
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A short reminder about Fredholm determinants

Given an integral operator

K : L2pΣq Ñ L2pΣq
pKf qpxq �

»
Σ

Kpx, yqf pyqdy

its Fredholm determinant is defined as

detpI� zKq :� 1�
8̧

n�1

p�zqn

n!

»
Σn

det rKpxj, xkqsj,k¤n dx1 . . . dxn.

The series defines an entire function of z as long as K is trace-class. For sufficiently
small z (less than the spectral radius of K) then the following can be used equivalently

ln detpI� zKq � �
8̧

n�1

zn

n
TrKn

If K depends on some parameter (say s) we have (Jacobi formula)

Bs ln detpI�Kq � �Tr
�
pI� Rq BsK

�
where R is the resolvent

R � K � pI�Kq�1
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Our tools: IIKS (Its-Izergin-Korepin-Slavnov) theory in a nutshell

Let N : L2pΣ,Cqö be an operator with kernel given by (”integrable form”)

Npλ, µq :�
fTpλqgpµq
λ� µ

fTpλqgpλq � 0 , f, g : Σ Ñ Ck

Then the resolvent operator is also of integrable form:

Rpλ, µq � N � pI� Nq�1pλ, µq �
fTpλqΘTpλqΘ�Tpµqgpµq

λ� µ

where Θpλq is the k � k matrix bounded solution of the following
Riemann–Hilbert problem

$&
%

Θ�pλq � Θ�pλq
�
1k � 2iπfpλqgTpλq

�

Θpλq � 1k � Opλ�1q , λÑ8

Furthermore the solution of the RHP exists if and only if detpI� Nq � 0.
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Why is this helpful?

Its Izergin Korepin and Slavnov developed their theory to establish a
connection between certain Fredholm determinants representing quantum
correlation functions for Bose gas and the Painlevé V equation (1990). Lately
their theory has been used extensively in the theory of random matrices and
random processes. Indeed these are some of its general features:

• The RHP typically has jumps which are conjugated to constant jumps ñ
the solution of the RHP solves an ODE with meromorphic coefficients ñ
Jimbo–Miwa–Ueno theory of isomonodromic deformations

• the Fredholm determinant coincides (in interesting cases) with the
isomonodromic tau function of JMU;

Bs log detpI� Nq �
»

Σ

Tr
�

Θ�1
� pBλΘ�qpBsMqM�1

	 dλ
2iπ

M :� 1k � 2iπfpλqgTpλq
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Main theorem I (M. Bertola, M.C.)

The Fredholm determinant Fp~a,~bqp~sq � detpI� Kp~a,~bqχEq associated to the kernel

Kp~a,
~bqpx, yq :� 1

p2πiq2

»
γ2

dw
»
γ1

dz
eθpx;zq�θpy;wq

w� z

r¹
k�1

�
z� bk

w� bk


 q¹
k�1

�
w� ak

z� ak



.

coincides with the isomonodromic tau function of the following RH problem

(General RHp~a,~bq)$''''''''''''''''''''&
''''''''''''''''''''%

Γ
p~a,~bq
� pλq � Γ

p~a,~bq
� pλq

�
��������������

1 �eθps1;λqCpλqχ1 . . . p�qNeθpsN ;λqCpλqχ1

� e�θps1;λq

Cpλq χ2 1 . . . 0

...
...

. . .
...

� e�θpsN ;λq

Cpλq χ2 0 . . . 1

�
��������������

Γp~a,
~bqpλq � 1� Γ

p~a,~bq
1 λ�1 � Opλ�2q, λÑ8; Cpλq :�

±r
k�1pλ� bkq±q
j�1pλ� ajq

.

In particular Bsi log Fp~a,
~bq � �

�
Γ
p~a,~bq
1



pi�1,i�1q

, @i � 1, . . . ,N.
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How the proof begins

We start observing that, using the Cauchy residue’s theorem, we have that
Kp~a,~bqpx, yqχEpxq �

1
p2πiq3

»
iR
dξ

Ņ

`�1

p�1q`�1eξps`�xq
»
γ2

dw
»
γ1

dz
eθps`;zq�θp0;wq�yw

pz� wqpξ � zq
r¹

k�1

�
z� bk

w� bk


 q¹
j�1

�
w� aj

z� aj



.

Hence, in particular, Kp~a,~bq � TKp~a,~b;~sqT�1, where T : L2pγ2q ÝÑ L2pRq is the Fourier
transform and

Kp~a,
~b;~sqpξ,wq :�

Ņ

`�1

p�1q`�1
»
γ1

dz
2πi

eθpsi;zq�θp0;wq�ξs

pz� wqpξ � zq
r¹

k�1

�
z� bk

w� bk


 q¹
j�1

�
w� aj

z� aj



.

It is easy to observe that Kp~a,~b;~sq is the composition of two integrable operators, namely

Kp~a,
~b;~sqpξ,wq � G~spξ, zq � Fpz,wq

with

G~spξ, zq :� 1
2πi

Ņ

`�1

p�1q`�1 e
1
2 θp0;zq�s`pz�ξq

ξ � z
; G~s : L2pγ1q ÝÑ L2pγ2q,

Fpz,wq :� 1
2πi

e
1
2 θp0;zq�θp0,wq

z� w

r¹
k�1

�
z� bk

w� bk


 q¹
j�1

�
w� aj

z� aj



; F : L2pγ2q ÝÑ L2pγ1q.

...
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Example: BBP distribution with one parameter

Fps; bq :� detpI� KpbqBBPχrs,8qq; KpbqBBPpx, yq :� 1
p2πiq2

»
γL

dw
»
γR

dz
e

z3
3 �zx� w3

3 �wy

w� z
z� b
w� b

.

$'''''''&
'''''''%

Γ
pbq
� pλq � Γ

pbq
� pλq

�
����

1 �e
λ3
3 �sλpλ� bqχR

� e�
λ3
3 �sλ

λ� b
χL 1

�
����

Γpbqpλq � 1� Γ
pbq
1 λ�1 � Opλ�2q, λÑ8.

b

γL

γR

It is easy to verify that, if Γ solves the RH problem for the HmcL solution of PII, then

Γpbqpλq :�

�
�����

1
λ� b

� Γ12pbq
pλ� bqΓ22pbq

�pΓ1q21

λ� b
1� pΓ1q21Γ12pbq

pλ� bqΓ22pbq

�
����Γpλqdiag

�
pλ� bq, 1

	

solves the Riemann–Hilbert problem above.
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More generally:
Let Γ the solution of General RH pH,Hq. Then, Γp

~bq solution of General RH pH,~bq is
obtained solving the following :

Find a matrix Rpλq rational in λ such that

Γp
~bqpλq :� RpλqΓpλqdiag

�¹
k

pλ� bkq, 1, . . . , 1
	

is bounded everywhere and Γp
~bqpλq � I� Opλ�1q, λÑ8.

Proposition (Jimbo–Miwa–Ueno; M. Bertola–M.C.):
The solution to the problem above is given by (tbiu distincts)

Rpλq � 1� E1,1 �
ŗ

j�1

vjeT
1 Γ�1pbjq
z� bj

where tv1, . . . , vru are given by the unique solution to the non–homogeneous linear
problem

ŗ

j�1

Gi,jvj �
¸
k¥2

pΓiqk,1ek � δi,re1, i � 1 . . . , r.

Gi,j :� resλ�8

�
λi�1Γ�1pbjqΓpλq

�
1,1

λ� bj
; G :�

�
Gi,j

	r

i,j�1
.
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For the general case (~a � H) the matrix G is given by

G :�
�

Gi,j

	r

i,j�1
; Gi,j :�

�
Γ�1pbjqΓpaiq

�
11

bj � ai

Main Theorem II (M. Bertola–M.C): Given

Fp~a,
~bqp~sq :� detpI� Kp~a,

~bqχEq :� 1�
8̧

k�1

p�1qk
»

Ek
det
�

Kp~a,
~bqpxi, xjq

	k

i,j�1
dx1 . . . dxk,

with

Kp~a,
~bqpx, yq :� 1

p2πiq2

»
γ2

dw
»
γ1

dz
eθpx;zq�θpy;wq

w� z

r¹
k�1

�
z� bk

w� bk


 q¹
k�1

�
w� ak

z� ak



.

we have
Fp~a,~bqp~sq
FHp~sq � C detpGq,

where Γ is the solution of General RHp~a,~bq for ~a � ~b � H.

C �
±pbi � ajq
∆p~aq∆p~bq

Using isomonodromic ODEs associated to the relevant RH problems, we obtain as
examples the following results...
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Example I: Airy kernel with two sets of parameters

Let Fp~a,
~bq

Ai psq :� detpI� Kp~a,
~bq

Ai χrs,8qq with

Kp~a,
~bq

Ai px, yq :� 1
p2πiq2

»
γL

dw
»
γR

dz
e

z3
3 �

w3
3 �zx�wy

w� z

r¹
k�1

�
z� bk

w� bk


 q¹
k�1

�
w� ak

z� ak



.

Then, for arbitrary sets of parameters ~a and ~b,

Fp~a,
~bqpsq � FTWpsq

det

�
�������������

��� Bs � aj
�`�1

Γ2,2pajq
�
`,j¤q

�
B`�1

s Γ1,2pajq
�
`¤r;j¤q

�
B`�1

s Γ2,1pbjq
�
`¤q;j¤r

��� Bs � bj
�`�1

Γ1,1pbjq
�
`,j¤r

�
�������������

∆p~aq∆p~bq
.

where Γ is the solution of the Riemann–Hilbert problem associated to the
Hasting–McLeod solution of Painlevé II.
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Example II: Pearcey kernel on a single interval
Let Fp

~bq
P ps1, s2q :� det

�
I� Kp

~bq
P χrs1,s2s

	
with

Kp
~bq

P px, yq :� 1
p2πiq2

»
iR
dw
»
γ
dz

eθτ px;zq�θτ py;wq

w� z

r¹
k�1

�
w� bk

z� bk



; θτ px; zq :� z4

4
� τ

z2

2
� xz.

Then, for an arbitrary set of parameters ~b,

Fp
~bq

P ps1, s2q � FPps1, s2q
det
�
pBs � bjq`�1f pbjq

	r

`,j�1

∆p~bq
,

where FPps1, s2q is the gap probability for the Pearcey process on the interval rs1, s2s
and f pλq :�

�
pΓHq�1

	
1,1
pλq, with Γ solution of the RH problem below (M. Bertola,

M.C.; ’11).

$'''''''&
'''''''%

Γ�pλq � Γ�pλq

�
����

1 �eθτ ps1;λqχγ eθτ ps2;λqχγ

�e�θτ ps1;λqχiR 1 0

�e�θτ ps2;λqχiR 0 1

�
����

Γpλq � I� Opλ�1q, λÑ8. iR

γL γR
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Extension to the multi–time case (an example)

The Fredholm determinant Fp~a,~bqps1, s2q � detpI� Kp~a,
~bq

τi,τj χps1,8s;ps2,8s
q associated to

the kernel Kp~a,
~bq

τi,τj px, yq :�

1
p2πiq2

»
γ2

dw
»
γ1

dz
eθτi px;zq�θτj py;wq

w� z

r¹
k�1

�
z� bk

w� bk


 q¹
k�1

�
w� ak

z� ak



�δi j

»
γ2

dλ
2πi

eθτi px;λq�θτj py;λq.

coincides with the isomonodromic tau function of the following RH problem:

$'''''''''''''&
'''''''''''''%

Γ
p~a,~bq
� pλq � Γ

p~a,~bq
� pλq

�
���������

1 �eθτ1 ps1;λqCpλqχ1 �eθτ2 ps2;λqCpλqχ1

� e�θτ1 ps1;λq

Cpλq χ2 1 0

� e�θτ2 ps2;λq

Cpλq χ2 e�θτ1 ps1q�θτ2 ps2qχ2 1

�
���������

Γp~a,
~bqpλq � 1� Opλ�1q, λÑ8.

Applications to the Airy process, and more generally to multi–time processes.
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KP in Miwa variables: KP–hierarchy:¾
dz

2πi
epti�t1i qz

i
τ

�
t1 �

1
z
, t2 �

1
2z2

, . . .



τ

�
t11 �

1
z
, t12 �

1
2z2

, . . .



� 0

Introduce Miwa variables,

ti :� 1
i

¸
k

�
a�i

k � b�i
k

	
;

Using

e
°

n tnzn �
¹

i

�
1� z

zi


�1

, tn :� 1
n

¸
i

z�n
i

We rewrite the bilinear equation for τp~a,~bq as¾
dz

2πi

¹ p1� z{bkqp1� z{a1kq
p1� z{b1kqp1� z{akq

τp~a;~b, zq τp~a1, z;~b1q � 0.

Now suppose to have a formal series of two variables τpa; bq with τpx; xq � C.

Cpa, bq :� τpa; bq
a� b

; τp~a;~bq :�
±pai � bjq
∆p~aq∆p~bq

det
�
Cpai, bjq

�N

i,j�1
.

Theorem:
τp~a;~bq solves the KP equations in Miwa variables, and so Fp~a,

~bq

FH
above as a formal

series in ~a,~b.
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PDEs, solitonic and isomonodromic equations

FBBPp~s; bq :� detpI� KpbqAi χEq; FPp~s; bq :� detpI� KpbqP χEq
solves some PDEs (B :� ° Bsi ; ε :� °

siBsi ):

B4FBBP � 6pB2FBBPq2 � p2� 4pε�bBbqqBFBBP�3B2
bFBBP � 0;

pBτB2 � 2τBτ � 3pε�bBbq � 1qBFP � 6pB2FPqpBτBFPq�2BτBbFP � 0;

pε�bBb � 2τBτ � 2qB2FP � B3
τFP � 2tBτBFP, B2FPuB�2BτBbBFP � 0.

They have been obtained combining vector–constrained KP equations with some
specific Virasoro constraints
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W � W

; W1 :� pz� bqW;

p � 2 for FBBP, p � 3 for FP.

(M. Adler–M.C.–P. van Moerbeke (2012); M. Adler–J. Delépine–P. van Moerbeke–P.
Vanhaecke (2011))
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PDEs, solitonic and isomonodromic equations

FBBPp~s; bq :� detpI� KpbqAi χEq; FPp~s; bq :� detpI� KpbqP χEq
solves some PDEs (B :� ° Bsi ; ε :� °

siBsi ):

B4FBBP � 6pB2FBBPq2 � p2� 4pε�bBbqqBFBBP�3B2
bFBBP � 0;

pBτB2 � 2τBτ � 3pε�bBbq � 1qBFP � 6pB2FPqpBτBFPq�2BτBbFP � 0;

pε�bBb � 2τBτ � 2qB2FP � B3
τFP � 2tBτBFP, B2FPuB�2BτBbBFP � 0.

They have been obtained combining vector–constrained KP equations with some
specific Virasoro constraints

W P Gr such that$'&
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z� 1
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W � W

; W1 :� pz� bqW;

p � 2 for FBBP, p � 3 for FP.

(M. Adler–M.C.–P. van Moerbeke (2012); M. Adler–J. Delépine–P. van Moerbeke–P.
Vanhaecke (2011))
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Two open questions

1. Is it possible to deduce the same PDEs starting from the relevant
Riemann–Hilbert problems ?

2. The Tracy–Widom distribution satisfies (Adler–Shiota–van Moerbeke)

B4FTW � 6pB2FTWq
2 � p2� 4εqBFTW � 0;

reducing to the Painlevé II equation, self–similar reduction of mKdV.
Does the equation for the Baik–Ben Arous–Peché distribution

B4FBBP � 6pB2FBBPq
2 � p2� 4pε�bBbqqBFBBP�3B2

bFBBP � 0

reduce to the self–similar reduction of some solitonic equation?



Thank you!
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