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Plan of the talk (joint work with Marco Bertola)

The Baik-Ben Arous-Peché distribution and Baik’s formula.

More examples: the Airy process with two sets of parameters and the
Pearcey process with inliers.

The general setting leading to Darboux transformations, general Baik’s
formula.

e Some examples

Open questions.
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Diregt percolation and the Tracy—Widom distribution
we (1,1) / (N, M)

M - - For any (i,j) assign X(i,j) exponential random variable of
! mean 1/M (density function = M exp(—Mx), x = 0).
L L(N,M) := D X3

max
we(l,) A (M) (S

Connection with Random Matrices (Johansson, 2000)
P(L(N,M) < 5) = P(Amax < 5)

Amax the largest eigenvalue of a random matrix taken from
the complex Wishart ensemble
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Diregt percolation and the Tracy—Widom distribution
we (1,1) / (N, M)

M - - For any (i,j) assign X(i,j) exponential random variable of
! mean 1/M (density function = M exp(—Mx), x = 0).
L L(N,M) := D X3

max
we(l,) A (M) (S

Connection with Random Matrices (Johansson, 2000)
P(L(N,M) < 5) = P(Amax < 5)

Amax the largest eigenvalue of a random matrix taken from
the complex Wishart ensemble

b (v:=~/M/N>1, M )

L+ y\? M3 .
]P|:(L(N,M)< 5 ) ) (1+’y)4/3 <s *)FTw(S) = det(lfKAiX[%x‘))




The BBP-distribution More examples The general setting Connections with KP hierarchy Open questions

Diregt percolation and the Tracy—Widom distribution
M celn For any (i, ) assign X(i,j) exponential random variable of
! mean 1/M (density function = M exp(—Mx), x = 0).

L(N,M) := X(i,j);
W M)= o max 2 XG0
(i)ew
Connection with Random Matrices (Johansson, 2000)
P(L(N,M) < 5) = P(Amax < 5)

Amax the largest eigenvalue of a random matrix taken from
the complex Wishart ensemble

I (y:=A/M/N =21, M — ©)

L+ y\? M3 .
]P|:(L(N,M)< 5 ) ) (1+’y)4/3 <s *)FTw(S) = det(lfKAiX[%x‘))

o0

Fros) = exp (= [ (6= a0

s

(Tracy—Widom, 1993.)

ol

q"(s) = 24°(s) + sq(s),  qls) ~e73°2 (AN
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A natural deformation: what if few columns slow down the percolation?
we (1,1) / (N,M)
M e o =-&-
o o E . Take {i1, i, ...,ir} S {1,...,N}, X(; ;) exponential random
) variable of mean ¢,/M, k=1,...,r.
o ¢ °
L] + L]
?-—6 °
? ] °
I—-b . °
' 12 r N
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A natural deformation: what if few columns slow down the percolation?
we (1,1) / (N,M)
M e o =-&-
o o E . Take {i1, i, ...,ir} S {1,...,N}, X(; ;) exponential random
) variable of mean ¢,/M, k=1,...,r.
o ¢ °
y : g 6 <1+~ Vi=ky,... ky (Peché, 2003)
l . ° 1+ o 2 A/MZ/S
! P L M) — < — F
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' 1 2 r N




The BBP-distribution More examples The general setting Connections with KP hierarchy

A nd

M

itural deformation: what if few columns slow down the percolation?

we (1,1) /' (N.M)

o o E . Take {i1, i, ...,ir} S {1,...,N}, X(; ;) exponential random

) variable of mean ¢,/M, k=1,...,r.

o ¢ °

y : ° 6 <1+~ Vi=ky,... ky (Peché, 2003)

l . ° 1+’Y>2 "/M2/3

! Pl{|LN,M)— <s| — Frw(s
P K( ) ( v 1+ rw(s)

1 2 r N
Theorem (Baik—Ben Arous—Peché, 2005)
_ S )Py
bi=1+~ I—T/}’,]=k1,...,k,;
U
1+~ 2 ~M?/3 )
IP’[(L(N,M) ( 'y ) ) ESSTE < s| — Fppp(s;b1,...,by)

Applications to RMT (Wishart ensemble), Dyson Brownian motions, percolations,

TASEP, KPZ ...
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The Baik—Ben Arous— Peché distribution

- 0 —1 k - k
FBBP(S;bl, . br) = dCt(I—KIg];)PX[S)m)) = 1+2 ( ) J det (Klg};)},(xi,xl-)). ) dxy .. .dxy
=1 k! [s,w)k ij=1

33
3 1 eTTIE TR Ly
k) (x,y) := - dw | dz ( >
BBP @riy? )y, Jy w—z ,1:[1 w — by
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The Baik—Ben Arous— Peché distribution

- o0 —1 k -, k
FBBP(S;bl, A br) = dCt(I—KIg];)PX[S)m)) = 1+2 ( ') J det (Klg};)},(xi,xl-)). ) dxy .. .dxy
=1 k! [5,00)k ij=1

33
- 1 e%—%—kx+wy r _ b
Kg;),,(x,y) = — | dw | dz (Z k >

@mi)? )y, Iy w—z o \w—b

What about Tracy—Widom type
result?
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The Riemann—Hilbert problem for the Hasting-McLeod solution of PlI

Find the sectionally analytic function I'(\) € GL(2,C) on C/ {yg v 7.} s. t.

A
1 —e 5 Ty
Ly =T ()

*C_ATSHAML 1
PQA) ~1+TAT +0(ATY), A= Ty = p(s)os + ig(s)or
U W(s; A) :=T(s; \) exp ()\3/6 — .9/2) o3 solves
{ 50 (53 \) U(s; \)(s; \)
= 3,V —0a\U=[V,U]

NP (s; ) V(s; \)¥(s; \)

=—>q:=(I'1)1,2 satisfies

B

q"(s) = 24°(s) + sq(s), q(s) ~ e 38 e

Hasting—McLeod solution of PII
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A Painlevé like formula for Fggp(s, 5)

Given Fgp(s; b) := det(I — K,E’;;},X[s,w)) with

—zx+wy " — b
Kg;)P(x y) dw (VZV — bA >, we have
R0 k=1 k
) det ((—as + b,-)fflp(b,-))r A
Fepp(s;b) = Frw(s) _ L=l (Baik, 2005)

A(b)
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A Painlevé like formula for Fppp(s, b)

Given Fggp(s; b) := det(I — KI(EBPX[ y) with

5= —wtwy L — b
Kg;),,(x y) dw (vzv — bA >, we have
27 k=1 K
) det ((—as + b,-)fflp(b,-))r A
Fepp(s;b) = Frw(s) _ L=l (Baik, 2005)

A(b)

Baik’s approach: Orthogonal polynomials on the unit circle and Toeplitz
determinants
Aim : giving an interpretation of this formula in terms of Darboux
transformations for a given integrable system.
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A Painlevé like formula for Fggp(s, 5)

Given Fusp(s; b) = det(I — K&l (o)) With

7—L—vx+w\ r
() 7 — by
Kppp(x,y) dw ( >, we have
L ket \W T bi
2 Ne—1o 0y
) det(( &+ b)) p(b,))“=1 |
Fgep(s;b) = Frw(s) NG , (Baik, 2005)

Baik’s approach: Orthogonal polynomials on the unit circle and Toeplitz
determinants
Aim : giving an interpretation of this formula in terms of Darboux
transformations for a given integrable system.

Besides, there are other examples of similar kernels obtained from “classical
ones” adding some rational deformations (see below): we will see that a
similar formula apply also to these cases.



The BBP-distribution

More examples
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The Airy kernel with two sets of parameters |
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Now take
{il’i27"-7ir} = {L"'»N}:

{jlija"'?jq} < {17"'7M}7

X(i, jr) €xponential random variable of mean

U +m)/M, k=1,....r; t=1,...,q.
o L+

= 1+ ’YM1/3 s J =kt ke
1+~/)2/3a,

— U _

= 1+ + VI y L=S1,...,58-
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The Airy kernel with two sets of parameters |

” we (1,1) / (N,M) Now take
e o =-o - R .
coT {in iy oyir) € {L,...,N},
: I-I : {jl7j27"'7jq} = {17"'7M}7
. + . X(i, jr) €xponential random variable of mean
N W +m)/M, k=1,....r; t=1,...,q
é o °
1 1 2/3b_
pepbe e e . A A Ty
-4 o o ° ( VM)Z/?
I _ 1+9)7 a
ot m= LT A S T =St Sy
1 2 r N

Theorem (Borodin—Peché, 2008) [also multi-time case]

2 2/3 . o
P [(L(N,M) - (1 J”) ) (17M . < s:| — Fai(s:@5) = det(I — K" x(0.0))

~

o —zx4wy I z— b q j
@ Z— by H w—4
K. : - '

N (xy) = @ l) L II(Wfbk)jﬂ(z a;)

k=1
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The Airy kernel with two sets of parameters |l

t xg(1—aN7'53)

=1 x5

N non-intersecting
Brownian particles {\;(r)}
with transition probability

_=n?
e 2t
t

plx,y; 1) i=

t=—1 N— o Xy .
x5 (1 4+ b:N~'3)
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The Airy kernel with two sets of parameters Il

t Xy (1—aN='3)

=1 Xy

\[’xﬂ.n,\
N non-intersecting
Brownian particles {\i(¢)}
with transition probability

_=n?
(] 2t

plx,y; 1) i=

t=—1 N —x Xy .
Xy (1+b;N~'53)

Theorem (Adler—Ferrari—van Moerbeke, 2010) [also multi-time and multi—interval
cases]

Nli_f)nmp<>\max(t0) < X0 <] + N2/3> ) = FAi(S;L_i; g)

K “( y) = ;

o[BS (T (=)
(2m) R i \w = b ) z—a )’
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The Pearcey kernel with inliers

N2 # of particles N2

/N2 VN2
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The Pearcey kernel with inliers

N2 # of particles N2
t

N — *
E
lim P

‘ <x,~<l+é>¢7~i:1...N :det<IfK(E)xp)
N> 2 4N T AN A yees P XE

Open questions

O (x52)— 0 (35w) b 4

(®) J J (W A). DT
k' | | D 0-(xz) = .
(x,9) (zm) = AT (x2) 7 T, X

(Adler-Delépine—van Moerbeke—Vanhaecke, 2011)
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The general problem

Given a kernel of type

- =00 S\ L (w—
KD (53 = NG e
'Yl w—=2z k= w— hk k=1 — dj

"2
such that
1. 0(x;z) is a polynomial in z linear in x; more precisely 0(x; z) = 6(0;z) — xz.
2. ~1 and v, are oriented contours s. t. the integrand is convergent, vy N vy, = &
3. v, can be deformed to the imaginary axes.
4. ...

Fan ().
FOE)

We want to find a “Riemann—Hilbert” like expression for ————; where

N N L k
F@)(5) .= det(1 — K@P)yp) i— 1 4 Z(fl)kf det (KO () dw ..,
k=1 =1

E is a (multi)—interval with endpoints 5 := {s;, i = 1,...,N},
G:={a;i=1,...,q}, b:={b;,i=1,...r} are two sets of (real) parameters.
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A short reminder about Fredholm determinants
Given an integral operator
K:LA(D) - LA(D)

N0 = [ Koy
its Fredholm determinant is defined as

(=3)"
| - det [K(xj,xk)]j’kgn dxy . ..dxy.

»
det(I—zK) =1+ Y.
n=1

The series defines an entire function of z as long as X is trace-class. For sufficiently
small z (less than the spectral radius of X) then the following can be used equivalently

XL n
Indet(I — 2K) = — 3 STek”
n

n=1

If X depends on some parameter (say s) we have (Jacobi formula)
8y Indet(I — %) = fTr[ I+ R) aﬂ(]

where R is the resolvent
R=Ko(I—%K)!
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Our tools: IIKS (lts-1zergin-Korepin-Slavnov) theory in a nutshell

Let N : L*(Z, C)© be an operator with kernel given by ("integrable form”)

N\, ) :=M f'g\) =0, fg:2-C
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Our tools: IIKS (lts-1zergin-Korepin-Slavnov) theory in a nutshell

Let N : L*(Z, C)© be an operator with kernel given by ("integrable form”)

N\, ) :=fr(;)fg(u“) f'g\) =0, fg:2-C

Then the resolvent operator is also of integrable form:

e’ Mo~ (We(w)
A—p

RAp) =No(I=N)""(\p) =

where O()) is the k x k matrix bounded solution of the following
Riemann-Hilbert problem

0+(N) = O-(\) (L —2irf(\)g' (V)
O\ = L+0W\), Ao w®

Furthermore the solution of the RHP exists if and only if det(I — N) # 0.
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Why is this helpful?

Its Izergin Korepin and Slavnov developed their theory to establish a
connection between certain Fredholm determinants representing quantum
correlation functions for Bose gas and the Painlevé V equation (1990). Lately
their theory has been used extensively in the theory of random matrices and
random processes. Indeed these are some of its general features:

e The RHP typically has jumps which are conjugated to constant jumps =
the solution of the RHP solves an ODE with meromorphic coefficients =
Jimbo—Miwa—Ueno theory of isomonodromic deformations

o the Fredholm determinant coincides (in interesting cases) with the
isomonodromic tau function of JMU;

0slogdet(I— N) = f Tr (e:1 (GA@_)(a;M)M_I) ax

2imw

M := 1, — 2inf(\)g" ()
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Main theorem | (M. Bertola, M.C.)

The Fredholm determinant F(@) (5) = det(I — K@)y ;) associated to the kernel

r

e 1 e0(x:2)—0(y;w) r—b\ L Sw—a
K@) :=7Jd Jd S L.
)= Gz L L= 1 I

o \w—br/ i\ z—ag
coincides with the isomonodromic tau function of the following RH problem

(General RH(z, b))

r 1 —?GENC(N)x .. (2NN (N T
676(”9\)
S 1 0
oy e
@b @b
T () =@ ()
efe(J'N;A)
- 0 1
L "oy @ 1
I a.b r_ A — bk)
P@H(N) ~ 14+ TEDA L OAD), Ao ooy () = L=t AP
! H?:l(A —aj)
In particular Jy; log F(E’;) =— <F$‘7’E)> , Yi=1,...,N.

(i+1,i+1)
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How the proof begins

We start observing that, using the Cauchy residue’s theorem, we have that
K@) (x, y)xe(x) =

1 N o e0(s0;2)—0(05w)+yw T 7—b 9 /w—a
ﬁfdfz:(*l)éﬁeg(je Y j H ( k>H< j)
@mi)3 e~ A b E=w)(E—2) w—1by/ ; 7—qj

k=1
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How the proof begins

We start observing that, using the Cauchy residue’s theorem, we have that
K@) (x, y)xe(x) =

1 N . ) e0(s0;20)—0(03w)+yw T 72— by q W — a:
—— |a 1)l le—n) j ( > ( />.
(2mi)3 J[R 5;1( Je b (E=w)(E—2) 11:[1 w— by H z—qj

Hence, in particular, K@% = TK@59)T=1 where T : L2(v,) —> L*(R) is the Fourier
transform and

N

- dz efGi)=0Ow)+es 1o p N LSy — g
Ko e = St [ ()7 ().
€= B0 | e UG [ .

=1
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How the proof begins

We start observing that, using the Cauchy residue’s theorem, we have that
K@) (x, y)xe(x) =

1 N e0(s0;20)—0(03w)+yw T 7—b q W — a:
I ) 1 L+1,&(sp—x) j ( k> ( j),
(2mi)3 J[R 5/;1( Je b (E=w)(E—2) 11:[1 w— by H z—qj

Hence, in particular, K@% = TK@59)T=1 where T : L2(v,) —> L*(R) is the Fourier
transform and

N

K(a’[;@(&w) = Z(_l)g_HJ ﬁee(m‘;Z)—B(O;w‘)+§x ILI (Z*bk ) ﬁ <w_aj).
N2 (z—w)(€ —z2) i \W— Db iy

—aqj

It is easy to observe that K@55) is the composition of two integrable operators, namely

K@D (6, w) = Ge(&,2) * F(z,w)
with
10(0;2) —s(z—€)
G5(6,2) == — 2( >‘+167, S5 L) — L2(m2),

Z

1 .
1 eiG(O;z)—G(O,w) 7 7—b q .
Tz, w) = — [1 ( . ) [1 ( J) ;o T L(p) — LX)
k=1

2mi z—w w — by PN Al
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Example: BBP distribution with one parameter

3 i
Fadv p
e 3 =5 +wy 7—b

1

F(s;b) := det(I — K& xis oy); K2 ;=7jd i .

(s5b) et( BBPX[S,f.))’ (X, Y) (2mi)? VLW WRZ w2z w—b

3
1 76%_'“)‘()\717))@
() _1r®
) =Tr(n) RS )
£ 1
N—b XL

TOO) ~ 14+ TP 4 0(A72), A - oo
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Example: BBP distribution with one parameter

3 W3
Z_y— p
e 3 =5 +wy 7—b

1

F(s;b) = det(I — K&oxro o0)); K :=7Jd d .

(s;b) et( BEPX[s,0) )i (X, Y) (2mi)? nw ’YRZ S o _b

)\3
1 —e T NN = b)xr
() _ ()
) =T () RS )
£ s 1
N—b XL

TOO) ~ 14+ TP 4 0(A72), A - oo

It is easy to verify that, if I" solves the RH problem for the HmcL solution of PlI, then

1 )
FOy A—b (A = Db)T(b) F(A)diag(()\ _p), 1)
_ (F1)21 1 (FI)ZIFIZ(b)
A—b (A= b)Ta(b)

solves the Riemann—Hilbert problem above,



The BBP-distribution More examples The general setting Connections with KP hierarchy Open questions

More generally:

Let I" the solution of General RH (&5, &¥). Then, T'®) solution of General RH (¥, b) is
obtained solving the following :

Find a matrix R()) rational in A such that

r®) = R()\)F()\)diag(n()\ b1, 1)
Kk

is bounded everywhere and I®)(A) = T+ O(A~!), A — oo.
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More generally:
Let I the solution of General RH (&, ). Then, T(®) solution of General RH (&, 5) is
obtained solving the following :

Find a matrix R()) rational in A such that

r®) = R(A)F(/\)diag(n(/\ b1, 1)
k

is bounded everywhere and I®)(A) = T+ O(A~!), A — oo.

Proposition (Jimbo-Miwa—-Ueno; M. Bertola—M.C.):
The solution to the problem above is given by ({;} distincts)
" vieTT=1(b))
R()\) =1 _El,l + J¥1 J
/EX1 2= b
where {vy, ..., v} are given by the unique solution to the non—-homogeneous linear
problem
,
ZG,‘JVJ': Z(Fi)k,lekféi,,el, i= 1..,,!‘,
j=1 k=2
[Aiilpil{bf)r()‘)] 1,1

G,‘ﬂ/’ I=TCS)\ = B b ; G = (G,“j) ’
-9
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For the general case (@ # &) the matrix G is given by

v =1 (BT (ai)
G:= (Gu./),-.j:l; Gij = [ hj]— a,-a Ll
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For the general case (@ # &) the matrix G is given by

[P~ )] |

bj — a;

G := (G["/>i,/‘:1: Gij:=
Main Theorem Il (M. Bertola—M.C): Given

e e X k
F@B)(3) .= det(1 — K@D yp) =1 + Z(*l)kf det (K< : >(x,,x,)) dxy ... dxg,
k=1 =l

Jo5
with
= 0(xs2)=00sw) I /o pe\ 1L S w—ay
K(@b) X,y) = dw dze (g A) ( )
() 2 I w—z AE[] w — by 1;[ — ay
we have .
(@,b)
P20 _ cdene),
FB ()
where T is the solution of General RH(@, b) for @ = b = (.
C= [1(bi — a))
A(@)A(D)

Using isomonodromic ODEs associated to the relevant RH problems, we obtain as
examples the following results...



The BBP-distribution More examples The general setting Connections with KP hierarchy Open questions

Example I: Airy kernel with two sets of parameters

Let F@D) (s) = det(1 — K@)y, ) with

7_7_‘7“”” . (Z*bk) 4 (wfak>
fulie w — by, ioq \ 2 ag

Then, for arbitrary sets of parameters @ and b,

dw
-

KD (1 y) =

(( -0+ aj)l_lrz,Z(aj)> <5f_]F1,2(aj)>
Lj<q L<rij<q

<

<551F271 (bj)) (( — 05 + bj)Z7lF1’1 (bj))
L<q;j<r 2,j<r

< 2

F@D) (5) = Fry(s) —= A@)A(b) B

where T is the solution of the Riemann—Hilbert problem associated to the
Hasting—McLeod solution of Painlevé II.

det
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Example II: Pearcey kernel on a single interval
Let F{7) (51, 52) = det (1= K x 1) with
4 2

efr (i) =0 (ysw) _~ ) — by
() w k Z Z
Ky 3 0-(x52) i = — —T— —xz.
() : (27”)2 LR J ,\,:1(1_}71\'>7 (2)i= 7 -7 -

Then, for an arbitrary set of parameters b,

} det ((ar + b,-)‘f—'f(bj))"
Flgb)(SuSz) = Fp(s1, ) = b=l
A(b)
where Fp(sy, s2) is the gap probability for the Pearcey process on the interval [sy, s3]
and f(\) := ((FQ)”)l 1(/\), with T" solution of the RH problem below (M. Bertola,

M.C.;’11).
1 _efr (‘V“A)XW efr (Sz;A)X’Y
Ly =T-(N) e Or (1N 1 0
—e (20 0 1 “
T(A) ~I4+0(A7H, XA— 0. iR




The BBP-distribution More examples The general setting Connections with KP hierarchy Open questions

Extension to the multi—time case (an example)

The Fredholm determinant F(@5) (s, s,) = det(I — Kﬁi’%)x(sl,,ﬁ];(sﬂ.ﬁ]) associated to
the kernel Kﬁaf) (x,y) :=

J i (352) =07, (3w) ﬁ ( _hk) 1—[ <w—ak)_& f ﬂeeﬁ(){;)\)fgrj(y;)\)
(27rl) - -z w — by Z—ag = , 270 ’

coincides with the isomonodromic tau function of the following RH problem:

1 —Im NNy =GN ey
e 07 (5152)
b b —_—— 1 0
L) =10 oy e
=071, (52;2)
e - =07 (51)+07, (s2)
— 1 2 1
o X2 ¢ X2
F@HD(A) ~ 1+ 0A"1), A > oo

Applications to the Airy process, and more generally to multi—time processes.
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KP in Miwa variables: KP—hierarchy:

z iy 1 1 , 1, 1
— elti—t H——th— —,... =t +—,...]=0
j;Zm' 1 2T 22 T\h 22T o2
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KP in Miwa variables: KP—hierarchy:

dz (=t 1 1 / ., 1
—eVi Tl ——h— —,.. T+ -, + ,...] =0
j;Zm' LT T 2 TT 2T o

Introduce Miwa variables,

k
Using
1
N tn? z 1 —n
Zip In 1— = , Iy = —
c 1 ( : ) “Y
We rewrite the bilinear equation for (7, b) as
dz 7 U —g/b)( —2fap) = o
— —— 2 7(a;b,z) (@, b)) =
fﬁZm’ H (1 —z/bp)(1 = z/ar) ( )7 )
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KP in Miwa variables: KP—hierarchy:

dz (=t 1 1 / ., 1
—eVi Tl ——h— —,.. T+ -, + ,...] =0
ffzm' 1m0 T2 TT 2T o

Introduce Miwa variables,

Using
—1
d 1
e tn?" H (1 - £> , = 7211-7"
Zi n 7
We rewrite the bilinear equation for (7, b) as

§ (I —z/bi)(A = z/a) . -
— = X (@b

27 44 (1 —2/bp)(1 = z/ar)

Now suppose to have a formal series of two variables 7(a; b) with 7(x;x) = C.

,2)7(d, b)) = 0.

C(a,b) := M; (& E) . H(az )

a—b  A@A®D)

Theorem

det [ car )]N

ij=1

7(d; b)

series in d, b.

Open questions
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PDEs, solitonic and isomonodromic equations

Fppp(5;b) := det(I — KX?XE)% Fp(5,b) := det(I — K]E.I))XE)
solves some PDEs (0 := > 0;;; € := >, si0y):

0*Fppp + 6(0*Fppp)? + (2 — 4(e—b0}))OF spp+30; Fupp = 0
(070% — 2707 — 3(e—bd)) + 1)0Fp + 6(0*Fp)(6-0Fp)—20,0,Fp = O
(e—bdy — 2187 — 2)8*Fp + 83 Fp + 2{0+0Fp, 3*Fp}s+20:0,0Fp = 0.

Open questions
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PDEs, solitonic and isomonodromic equations

Fppp(5;b) := det(I — K/(\li))X];); Fp(5,b) := det(I — K](;b)x,;)
solves some PDEs (0 := > 0;;; € := >, si0y):

O*Fppp + 6(8%Fppp)* + (2 — 4(e—b0),))0OF pgp+302 Fpip = 0
(070% — 2707 — 3(e—bd)) + 1)0Fp + 6(0*Fp)(6-0Fp)—20,0,Fp = O
(e—bdy — 2187 — 2)8*Fp + 83 Fp + 2{0+0Fp, 3*Fp}s+20:0,0Fp = 0.

They have been obtained combining vector—constrained KP equations with some
specific Virasoro constraints

W e Gr such that

W C W,
i W= (2 b)W;
1 0 -3 ’ )
(z—i-f (zf—p—)>W§W
pzr 0z 2

p=2 forFpgp, p=3 forFp.

(M. Adler—M.C.—P. van Moerbeke (2012); M. Adler—J. Delépine—P. van Moerbeke—P.
Vanhaecke (2011))
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Two open questions

1. Is it possible to deduce the same PDEs starting from the relevant
Riemann-Hilbert problems ?

2. The Tracy—Widom distribution satisfies (Adler—Shiota—van Moerbeke)
& Frw + 6(0*Frw)” + (2 — 4¢)0Frw = 0;

reducing to the Painlevé Il equation, self-similar reduction of mKdV.
Does the equation for the Baik—Ben Arous—Peché distribution

& Fupp + 6(0*Fepp)* + (2 — 4(e—b0,))OF spp+30, Fsp = 0

reduce to the self—similar reduction of some solitonic equation?



Thank you!
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